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Till now we have focussed on functions with one independent variable.
If u=f(x1, X2, ..., Xn) Where xq, X2, ..., X, are independent variables,
then v is called a multi variable function with n variables. Anyhow, we
restrict our discussion mostly to two and three variable functions.

| N\

0 -neighborhood of a point in a plane
- neighbourhood of a point (a, b) in xy-plane is a square bounded by
x=a—-dx=a+d,y=b—-dandy =a+die.,
a-d<x<a+é6b-56<y<b+i.
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Open disc

Neighbourhood of a point (a, b) may also be defined as an open
circular disc with centre at (a, b) and radius ¢. i.e.,
(x —a)?+ (y — b)? < 52
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Limits

u = f(x, y) is said to have limit L as (x, y) approaches (a, b) and is
denoted by (’)’}jy)_)(a,b)f(x,y.) =L |

if, for given e > 0, we can find a ¢ such that |f(x) — L| < ¢,Vx,y inthe §
-neighbourhood |x — a| < § and |y — b| < § [or(x — a)® + (y — b)? < 6]

v

The limit of the function is said to exist only when the limit along along
path in xy-plane from (x, y) to (a, b) is same. Otherwise the limit does
not exist.

Properties:

As (x,y) tends to (a, b), if limf(x,y) = L and limg(x, y) = M, then as
(x,y) tends to (a, b)

i. im[f(x)*g(x)] = LM

| A
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i. fim[f(x.g(x)]=LM

i, im[259] = 5, M # 0
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Procedure:

Evaluate
i. limit f(x,y)asx —aandy — b
ji. limit f(x,y)asy — band x — a
iii. ifa=b=0,limit f(x,y) along y = mx or y = mx"
If the limit in all the above cases is same, then the limit exists.
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Example 1 If f(x,y) = X2+ * find lim as (x,y) tends to (0,0)

Solution: i). As x — 0, limf(x,y) = % = 1.

ii). As y — 0, limf(x,y) = =% = —1.
The limit is not the same in the above cases. Therefore limit does not

exist.

<

Dr. G V S R Deekshitulu, JNTUK 7/55 June 28, 2020 7155



Example 2- Evaluate lim

: 2<%y 2t ax* 4 2
ofution - T = lim{ li ¥ =i - —i
Solution : o1 457 41 LT{}!.’E[E 43+l seizZ45 6 3

2

ar gimzx—y_hm lim ny = lim ?Zy —EE
:—;12;’4._,;’4.1 yo2 el 62 g p® g )| peiytaz 603

-t

Example 3: If f(x,y) =

at lim [ Nimd li ]
Pies show that ;I_TL{ITBIII"P}} # Jilr‘::'{ln"rl‘l,f{rlflj

. : :
Solution : 1|m lim f(x, _p)}_ T Tim el i it e
{ ool psn Ay 4y it (cancelling x)

ot #4050 25 4 y-n’l'—; ==1 {eancelling )
Hence the result follows,

]Jm{hm Sflx, _yj]_ I|m=1|m ‘P] lim =
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Continuity

A function f(x, y) is said to be continuous at (a, b) if limf(x, y) = f(a, b)
asx —»aandy — b. J

Ex.1 Discuss the continuity off defined as f(x, y) = when

(x,y) # (0,0) and 1(0,0) = 2.

Solution: i). Asx — 0, l/mf( ,y)=0
i). Asy — 0, limf(x,y) = % =1

X

The limit is not the same in the above cases. Therefore limit does not
exist. Hence not continuous at (0, 0).
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Fxample @ Examine for continuity at the origin ofthc funchun defined by

S

fley) = forx=0,y20
fe2ied
x4y

for x=0, y=0.
Redefine the function to make it continuous. el S
Solution : Notice that the value of f{x, y) forx=0, y=0is not given in the problem.
Let us discuss the continuity of the given function at (0, 0).

2 2
lim {lim fx, )}}— lim { lim ———!= lim {l—}= lim x=0

10 x=30 | y=0 .1‘2+}‘2 =0 X x=0

2

lim (0)=10

e X : 0
Also, lim 4 1 A = i F, m i
50 {riﬂ i ‘)} o [ NS B AL Il 25 e

lu‘n {lun (f(x J)} = ‘_Ii-x.nn {xh_':’ St J)}
Also anng the path y =

2
x . *
8 4 = lim ——= lim =0
I ;h_r»"u fe) = Do J2,,2.2 10 fli,?
| Similarly, along the pathy =mx,
un finy) =0
H the function flt. ¥) 15 continuous at the origin if flx, ) = 0 for x = 0,y = 0. Otherwise
ence the '

fix, ous at the origin.
”l:‘s oy co?nnul continuous at (0, 0) then define fix. y) = 0 for x =0, = 0 s0 that flv, y) is
fix, y) is nol

tinuous at origin:
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Example 3 : Discuss the continuity of the funcrion

«XP
1= (0,0
finy)= v T

0, (x,2)=(0,0)
Sulution @ Let us consider the limit of the function for testing the continuity along the line

y=mr
2

Now ]|m f‘x,J-'_] = ]II11 Zxy i Zinx o 2m

e e L = SR T

which is different for the different m selected,

lim f(x,3) does not exist,

Bl
, afi
Consider
2x(01)
=
2.0

lim f(0,y) = lim ——2- = lim 0=0= £{0,0)
] p=li g =yl

= f (x, p) is continuous for given values of x and y but it is not continuous-at (0,07,
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Exd: 3 2 :
Given that f(x, )= {x +3y +2x4y, if (x,3)2(2,3)
10 L if (% ¥)=(2,3)

Find the limit of f{x, ) at (2, 3)
lim f{x, y)=lim(x® +3)% + 2x + 1)
x—2 . x=h2
»—=3 ]
= lim{lim(x* + 3y + 2x + )} = lim (> + 2x + 30) = 42
=2 y—=i x—2
lim f(x, 3) = lim(x* + 3p% + 2x + y)
x—2 x—2
y—3 y=pd

= lim{lim(x® + 33 + 2x + 30} = lim(3y% + y+12) = 42
y=3 =l =23

Henee from equation (1) and (2) limit exist and equal to 42

lim /v, =42 [(2,3)

e

Therefore the function is discontinuous at (2, 3).
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Let u = f(x, y, z). If we Keep y and z as constants and vary x, then
the derivative of u with respect to x is called Partial derivative of u
with respect to x[denoted by %] and is defined as

ou lim f(X+h7y’z)_f(X’yaz)
87 —h—0 h :

Similarly partial derivatives with respect to y and z are also defined

ou ou i
and are denoted as 3y and 37 respectively.

Higher order partial derivatives

The higher order partial derivatives of u = f(x, y, z) are obtained by
successive differentiation. i.e.,
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Pu _ _ 9 dul dPu _ _ _

oax2 Fox = axloxl axay — fyx = ax[ ] 6y2 fyy = ay 6y] and
Pu _f . 9rou

ayox — XY — oayloxl:

Mixed partial derivatives -2 8Xay and -2 ayax are equal if the derivatives
involved are continuous.

| A

Total derivative
Let u = f(x, y, 2), then the Total derivative of f, denoted by df, is

defined as ou U oy
df = 8_de+ @dy+ 5dz
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Chain Rule

Let u = f(x, y,z) and x, y, z are again functions of t. Then f can be
treated as a function of t. Then the derivative of u w.r.t t is called Total
derivative w.r.t. t and is given by

au 8udx+8udy+8udz
dt  oxdt Oy dt  0zadt

Ex. 1. Find the total derivative of u = x?> — y? where

x = elcost, y = elsint att = 0.

du _ dudx | dudy
Solution: We know that G = 53 % + 5, G
au ; , -
v 2x.e'[cost — sint] — 2ye'[sint + cost]
du , —
Sil=0 = [2e?! cost{cost — sint] — 2€?!sint[sint + cost]]i—o = 2.
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Ex. 2. Find% of u = In(x + y + z), where

x_eﬂy—QMJ—cwt

Solution: % = [—e! + cost — sint].

X+ y+z

Ex. . . du ; § :
Find s for the following function & =sin (E],_x =, y=1"
& ¥

Solution:

: X { 2
Given that u=sm[—J,x=e ,y=1-.
y

di_duds 3y
dt dxdt dydt

G =G))
=cos| — |-—-e +cos| — 5
Xt ¥ A

\.__./
—_
)
—
—
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5 i
EX. 1ry = x log (xy), where x* +y* + 3xy = 1, then find ;r;

Solution:

Given that x° +JJ3 +3xy=1
du _du du dy
—_—— .
dx dv  dy dx

From x + 3+ xp—1=0=4x,»)

ﬁ=3x2+3y,ﬁ;'=3 + 3x

DRy
dx . (P+x)
du zﬁ du dy

dx dr oy o

au X a

o= () log(xy) +—. =1 ) d 1

a'x xp ¥ 'H’J'E(JJ’) ay xp {I) »
du x —(x2y 2
=—=l+log{xy}+-.—__._1_”_), =141 _x(x + )
dx ¥ (}"24‘1} + log(xy) m

17/55 June 28, 2020 17/55
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e a
Example 6: If x*y'z° =€ show thatatx =y =z, axdy = -(x logex)™

Solution : Giventhat x*y’z" = e

Taking logarithm on both sides, we get xlogx +ylogy +zlogz =loge =
= zlogz=1-xlogx—ylogy
Differentiating partially w.r.t. x”, we get

1 oz 1
—+L1 —= —+11
[z e + c:gz)at {x = ogx)

= (1 +]ogz)g—2 =—(1+logx)
X

8z _ (1+logx)

= ox  (1+logz) -1
o gz _ (1+logy)
Similarly, 3 =~ T+logz - e
When x =y =z, wehave
az
== o __
ax_ and 3 1
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Now differentiating (2) partially w.r.t. ‘x’, we get

&z :g[g}_q[_(mogy)}

oxdy ox\dy) ox| (1+logz)

216z l+logy &z
E&] B 2(1+1logz)’ o

=—(1+logy) [—(1 +logz) -(3)

When x =y =z from (3), we have

2
&z l+logx _])(__62__1]

oxdy .1:(l+l':)gx)2 " ox
1 1
— =— o loge=1
x(1+logx)  x(loge+logx) S
= ! (xlogex)™!
= e -
xlogex &
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Ex. &
I X If ¥*y'2 = ¢, then show that Ba az

xdy

- (vlogex) at(x=y=2)

Solution:
Given that x'7 = ¢

xlogx+ylogy+zlogz=loge
Differentiating equation (1) with respect to y we get

l '

ey +log y(l) + z- ia—+1c» = s
z ay EFy
(I+log y)+(1+log z)— =
ay
9z _ [l +logy]
dy l+log:z
Differentiating equation (1) with respect to x we gct —[1+ log x]

B:r 1+logz
MNow Differentiatmg cquation (2) with respect to *x’ we get

a1+ [‘ﬂ[l 9z | _
ay z y -
32 1 dz 3z
(l+lOgZ)-—y+z E‘:ay
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dz dz _

a x=p=ze=-l=-1

9

azz _ r-_l
oxdy

9%z = -1 B -1

oxdy z[{l+logz] x[1+logx]

(1+ log 2)

2 e — L~ [xlogeq”
x[log’ + log x] X log ex
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Differentiation of implicit functions

An implicit function of x&y is of the form f(x, y) = 0 which can not be

solve for one variable in terms of the other explicitly. Then

differentiating w.r.t x, we get 5 + &/ ¥ —0.

of
Which implies & o=

oy

Ex 1. Find & if f(x, y) = xsin(x — y) — (x + y).

Solution: ax = sin(x — y) + xcos(x — y) — 1 and
9 — _xcos(x — y) — 1.

dy
dy __ sin(x—y)+xcos(x—y)—1
Therefore 2 = T
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Ex.2.Find Z if y* =

Solution: Takmg In on both sides xYIny =

sinx.

In(sinx).

Let z = x”, then Inz = yInx. Then %zx =1

z 1

And 1z, = Inx. Implies that z, = zInx = xYInx

Now ,consider f(x,y) = x¥Iny —

_ XY CoSX
W = ox MY — Sinx

ifzaxylny+xy_

dy of
oy

Dr. G V S R Deekshitulu, JNTUK
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xY Inxiny +

yx¥Y~liny— cotx
XY /nxlny-i-%

cosx and
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Homogeneous function:

A polynomial in x and y is said to be homogeneous if all the terms are
of same degree. i.e.,

fOx, \y) = Nf(x, y).

(Or) A function f(x, y) is said to be homogeneous of degree nif it can
be expressed as f(x, y) = x"¢(%) or y”¢(§)

| N\

Example:

3x2 — 2xy + 15y2 = x3(3 — 2(£) + 15(£)?) = x2¢(£) That means
f(x, y) is homogeneous function in x and y with degree 2.
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‘/__ \/_ =Z|(5a
g ool (say).

=
=

Vx+y
B [l—(z)] ,
z= xm[H@ﬂ g(x)'

e siny is a homogeneous function of order 0.

Ex. »
5 Letu=sin‘1[\/_ ‘/;] Now sinu =
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Euler’s theorem:
of

If f is @ homogeneous function of x, y of degree nthen x5¢ +yg—; =

nf.

If u = log (52°) find the value of xuy + yuy.

X+y

Solution:

Xiiyz = e! = f, which is a homogeneous function of degree 1.
By Euler’s theorem, xuy + yu, = nu

f=e"= fk=2¢e"uyf, =euy.

o xfe + yf, = nf = xuxe' + yu,e’ = f = e

XUy + yuy = 1.
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X3+y3+23)
ax—+by+cz/-

Find the value of xux + yuy + zu, if u = cos™(

_ _ X348+ 2,0y 2z
Let f = cosu = S5, 5 = X“0(5% %)-

.. homogeneous function of degree 2.
of
fx=—
X7 ou
fy = —sinuuy, f, = —sinuu,
. — [xux + yuy + zu;|sinu = 2cosu
= XUy + yUy + ZU; = —2COtu.

.Uy = —Sinuuy
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Find the value of xuy + yu, + zu, if u = £ + £.

EX-3Given that u(x, y, z) =2 + 2
2 2

u(r’ex,@,kz)=%+%:k°u

Hence u is a homogeneous function of degree (n) =0

du au au
By Euler’s theorem we have x—+ y —=nu
dx a; z
du du  du
oy 402w
x dy z
Thenrem If u(x, y) is a homogeneous function of degree “n’ in x and ¥, then
2 : o X a_ + za
a_rz V e ¥ 5 ——5=n(n—1u
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E:Il-ii d 3,_2 +2xy Fu 19
nd = .
] Iz axay ; ay-

u = 22 tanf pix) -y tan” (x/y)

Sol. Given that 1 = x* tan (/) — 7 tan™ (xfy)
uikx, kv) = £( tan (wix) —5* tan™" (x))

Hence » is 2 Homogeneous function degree 2.
By Euler’s theorem

Differentiating (1) with respect to x we get

a:; u du
Ell_y' }Elxav el

Differentiating (1) with respect to y we get

2 Ei' n o on

—F ) e
“wox Vot
Multiply equation (2) with x and (3) with v and add we get
2 3% 3*u 3@: "E_]J_i_'_ e o
X gt Vo T Ty
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i, T 55
ind x* ag Bxay ¥y »

2 2
P
u=log 4y
] Vg 2.y
Given that u:]og 5_.1 =£"=£—-1
x+y

X+ y
et i) _ g ¥+ 5 L Rt
x+y

e'1sa Homogenous function of degree I

using Euler’s theorem for the following function

Sol.

By Euler’s theorem we have x—

9
ax + y-a—; =nu
a:r.r e al.! o
xe" + 7 =
al.r au
= H
31'

3 d d dut du d d
2 2, 4+ VML —_—y
Xl b LXV U F YUy = ["a 131]( ooy a}) [ 3t Yy _]El} 0
Dr. G V S R Deekshitulu, JNTUK
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Jacobian:

Let u(x, y,z) and v(x, y, z) be functions of two independent variables
x and y. The Jacobian of u and v w.r.to x, y and z is denoted by
J(LLWY (or) ALV s defined as

X,y.Z a(x,y,2)
u u u
u,v,w x oy He
JG7Z) | wov
Y Wy Wy W
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(i) If =G, o = G then UJ* = 1.

(ii.) If u, v are functions of r, s and r, s are functions of x, y then

a(u,v) 9d(u,v) o(r,s)

ax,y) 9(r.s) d(x,y)

(iii.) If x = rcosh, y = rsind (polar coordinates) then ‘g((’;jg’)) =r.
(iv.) If x = rcos6, y = rsinf, z = z (Cylindrical coordinates) then

ox.y,z) _
o(r,0,z) — r.

(v.) If x = rsinfcos¢, y = rsinfsing, z = rcosh (Spherical coordinates)
then g(()r‘g;)) = r?sinf.
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Example 1:

_ QU — Al T )
x = eYcosv, y = e'sinv find V)

| A

Solution:
a(x,y)

a(u,v)

Xu Xv
Yu Wv

where

x, = eYcosv, x, = —eYsinv, y, = esinv, y, = e“cosv.
e'cosv —eYsinv
eYsinv  eYcosv

2U

.
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EX. Evaluate the following using the relation /! = |

s )2 _ = xy
Ifﬂ_?’v___‘“:__,thenﬁnd gl B¥iz
ha z T
Solution:
z zx X
- Given that ,,:K,V:_,w:_}_’
x y z
Since JJ' = 1, then J' = 14/
ou du ou| |-yz z ¥
o oy oz |2 x X
v, w)_[dv IV wv_|z '_i"' 2
Now J 5 =y oy = ¥ ¥ y
] ?
gw aw o (» x I
_a-; a}’ dz z z =
Jn[\'l .\‘EJ 5[""_£J+_}.'[-£+£]=0+2+2"_J
o e e V| ) T iy
2y )2 L=
Hence J' = 1L/="
1
fiei J(ry-~];,
u, v, w
34/55 June 28,2020  34/55
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Ex. Evaluate the following using the second property of ‘jacobia
n:
_ i 02
Ifu=2xp,v=x"—y"and x = r cos 6,y =rsin 8, then find J[u,v}
r,

Solution: .
Given that u = 2xy, v=x*—y* x=rcos 0, y=rsin 0

e g(80)- (2] (£2)
J(r- 9] (w r,8

Ju du
u,v gx‘ _8; = 2y 2 =_4(;r2-4-yz)=44"2
(o) ol
ox oy
s %} % cos@ —rsin 9 = r(cos’ 9 +sin’0)=r
I(2a) s | ne ot
or 08

=3 .2<r:-4"3
Hence J{ 22 |=J ﬂ)’[%]: ¥
€nce :’—B = Xy ry

June 28, 2020 35/55
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Functional dependence:

The functions u = f(x, y) and v = g(x, y) are said to be functionally

dependent on one another if J = gg;’;g =0

If J # 0, they are functionally independent.

| N\

Example :
u = e*siny,v = e*cosy

o(u,v) |eXsiny e*cosy
e*cosy —e*siny

o(x,y)
.. functionally independent.

= —e¥[sin’y + cos?y] # 0
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Whether u = x1/1 — y2 + yv/1 — x2 and v = sin""(x) +sin~'(y) are
functionally dependent or not, if so find the relation between them.

Given that u = x4/1 - y2 + 341 = x? 5 =sin'1(x) +sin”!(y)

If u and v are functionally dependent, then J [E’—v—) =0
X ¥

o o [y
J(u_,L:): dx By_ \1-x2 1-y?
o |
dx dy 1-x? 1-?

Xy

1 xy 1
=]- ' -1+ . =0
\jl—xz \/l—yz \/I—x2 JI—J)Z
Hence 4 and v are functionally dependent and the relation is given by

L]
v=sin~!(x) +sin () =sin (/1= y* + 1-x%)=sin""(u)

= i =sip

June 28, 2020
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Whether u = x?e=? cos hz, v = x?e~ Y sin hz and w = 3x*e~% are
functionally dependent or not, if so find the relation between them

Sol. Given that u = x*¢™ cosh z, v = %™ sinh z and w = 3x% %

If u, v and w are functionally dependent, then J[u, v, w) o
Wz

ou du du

BTC E oz - -
) 2xe”” coshz —x"¢™coshz x%e " sinh =

UV, W dv dv dv _
J(—J* —|=|2xe™’sinhz -x’¢’sinhz x%e cosh=

X, ¥z - Er_ 5 dz T
ow odw ow| 122%™ —6xte™ 0
o dy oz

= 2xe™” cosh z(6x%¢™ cosh z) + x%e ™" cosh z(— 125 cosh 2)

+x%e™¥ sinh z(~12x°¢™ sin hz+12x"e ™" cosh z) = 0

Since J(M}Z 0, u, v and w are functionally dependent and the relation is given by
X, ¥,z
W o3pl=yy

38/55 June 28, 2020 38/55
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Taylor’s Theorem for function of two variable:

Let f(x, y) be a function of two variables, then the Taylor’s series
expansion about x = a,y = bis

2
f(x+h, y+k) = f(a, b)+hfy(a, b)+kf,(a, b)+} [h% + ki] f(a, b)+...

Maclaurin’s Theorem for function of two variable:

It is a special case of Taylor’s series, when the expansion is about
a=0,b=0... f(x,y)=1f(0,0)+ xf(0,0) + yf,(0,0) +

12 [x2£x(0,0) + 2xyfyy (0, 0) + y21,,(0,0)] + ...

Dr. G V S R Deekshitulu, JNTUK
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Example, : Expand f(xy)= e log a+ x) in powers of x and y using Maclaunn s sen“ |

Mo e

Solution : We are given

flxy) = log+x); f0,0)=1 fy@N=elog(1+x); £,(0,0)=0

1 A )
LEn=¢ et U Sy 0 9)= L Sy 0 0)=-1

£, )= ¢ log (1+x); £,0,0=0 foy &M= 55 [y 0,0)=1
e 2 0,0)=
=t £,©0,0=1 S @)= 705 fue 0,0)=2
¢ (x, )=eylog(l+x); 0,0)=0
S )= —W; S (0,0)=—1 Sy & Ly (0,0)

. By Maclaurin’s series,
fix.y) = F0,004£, 0, 0)y+y/,(0, 0)+— [/ (0, 0+ 2xy £, (0, 0)+2£,,, (0, 0)]

[r‘f (0,0) +3x2 Yoy (00)*’3\))'[ L0, 0) 433/ (0, 0] +

oy
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Expand e¥ in powers of (x — 1) and (y — 1).

Sol.Given that fix, ) =¥, f{1, 1) =e
By Taylor’s series about (x;, y;) we have

S y)= S (%, ¥o) + (x = xp) £ (%, %) + (¥ = ¥o) £ (%0. o)
2= 500 i 20) K = 300"y 52, 0)

+ 2(x = %)(¥ = o) S (%0: Yo D) + .- )
Herexo=1,y,=1
Calculate the following

Sz )=y, fD=¢

£y y=xe7, [, 1)=¢

ol =y, fa)=¢

£ 5 9)= 267, Sy D =e

S )= xye™ + €7 [y (WD =2
substitute the above in equation (1), we ¢t

1 2 = ~1)2e)+...
e f{x,y)=e+(,\:*l)B‘F(J"_l)e+'5!'((x‘l)22+(y_l) E+2(I Dy ) e)

1 2_ _Div—1 ]
=e[1+(x_n+(y-1)+§((x_j)z,(y_n 2Ax-Dly-D+
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Expand x2y + 3y — 2 in powers of (x — 1) and (y + 2).

Sol. Given that fix, y) =x% + 3y—2, f1, —2)=-10

By Taylor’s series about (x,, y,) we have
S ¥) = f (30, 39) + (x = %) £, (g, 30) + (¥ - Yol (%, y9)
1 2
+ 5{(-1 o -\'u)zfn (x, o)+ (= x Y Sy (%0, 3o)
+2(x = %)y = Yo ) Sy (X9, Jp)) + ...
Here x, =1, y,=-2
Se(x ) =23, £ (1, -
£ e =243, f0,-2)=4
falx, ) =20, fa(b=2) =~
S, ) =0, f,(1.=2)=0
Sopx ) =2x, [, (1,=2)=2
substitute the above in equation (1), we get 2
4+ (r+2)(0)

f(x, ) =—10+(x=D=H+ +2)(4)+—-—({r (-

+2(x = D+ 22D 1

= —10-4(x—D+4(r+2)-2x- D2+ 2(x=Dy+2)
4y 2x— D+ 2Ax =D+

June 28, 2020
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Maxima and Minima of function of two variables:

Definition : Letf(x, y) be a function of two variables x and y.

Atx=a;y = b, f(x,) is said to have maximum or minimum value, if f(a, b)> f(a + h, b+ k) or
fla, b)<f{a+h, b+ k) respectively where # and k are small values.

Extreme value : f(a, b) is said to be an extreme value of £, if it is a maximum or minimum value.
(I) The necessary conditions for f(x, ) to have a maximum or minimum at (g, b) are

fula B)=0;f, (@ b)=0

(1I) Sufficient conditions : Suppose that f, (a, b)= O;J; (a, b) =0 and let

=2 2 a2
" flaby=Li— flab)=m; 25 f(a,b)=n.
ax axdy ay
Then (i) f(a, b)isa maximum value if /n—-m?>0 and [<0.
(i) f(a, b)is a minimum value if h—m2>0 and />0,
(iif) f(a, b) isnot an extreme value if fn—m? <0,
(iv) If in—m?=0, thenf(x, ) fails 10 have maximum or minimum value and it needs further
investigation.
Note : Stationary value. f (g, b) is said to be a stationary value of £ (x, ») |l',|'" (a. b) =
_,l (a, b) = 0. Thus every extreme value is a slationary value but the converse may not tu_- true.
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Working Rule to find the Maximum or Minimum vaiues of f{x. 7 :

g
1. Find — f a.nd __)f and equate each to zero. Solve these equations for xand y.

Let (“h B), (a3; b3),... be the pairs of values,

a 2 ]
af _of e : -
2. Find /= ——, m= axdy = 8_2’ for each pair of values obtained in step (1).

2

3.0 fin-w’ >0and /<0 at(ay,b), then (.

#;) is a point of maximum and f(a,.5,) is
maximum value.

(i) If In-m* >0and I >0at (ay,b,), then (a,, b,) is a point of minimum and fla)by) isa
minimum value,

(i) If In—m” <0 at (a),by), then f(a;,b,) isnotan extreme value, i ., there is neither a maximum
nor a minimum at (a, & ). In this case (ay.&) is a saddle point.

(iv) If In—m* =0at (a, ), no COI‘ILJuSlOn can be drawn about maximum or minimum and
needs further investigation.

Similarly, examine the other pairs of values (a5, b,), (a3, b ),... one by one.
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- ge + Find the maximum ang ;. &
I‘-‘”‘"[' INimum valyesg ufx3 *3-\}'2 et mlsf e

iTot T e 2
golution = Let f(5, 1) =" +3xy* 152 5.2 4,

o Zf_,sx +3y% ~30x+72,

Th =6x}’—3ﬂy=ﬁy[x_5)

Qf Zf
Nowt_?jx__ﬁx 30=6(x-5), m—-o—a:;((an-g'sa“,):é".

o f
and n —a{ =6x-30=6(x-5)

The critical points of fare given by f’:— =0,==0
ox

ie, 32 +3y> —30x+72=0 and 6y (x—5)=0
ie., x2+y2~_1()x+24:0 and (y=0 or x=3)
>(y=0 and x* + y* —10x+24 =0) or (x=5 and ey —10x+24=0)

>(y=0,x2 —10x +24 =0) or (x=525+) —30+24=0)

:)(y 0and x= 6.4) or (x= 5and y= =1
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-, The critical points of fare A(4,0),18 (6,0, (5,1) and b (5,1
Now, 8= In—m? =36[(x-5)* - ;2|
At A(4,0),8=36[(4-5)> -0]=36>0
At B(6,0),8 =36[(6-5)* ~0]=36>0
At C(5,1),6 =36(0—1)=-36<0
At D (5,-1),8 =36(0—1)=-36<0 |
Thus A and B are points of extremum for f, while C and D are saddle points.
But /=6 (x—5) =6(4_5) =—6<0at A (4,0)
= Aisthe point of maximum for i
and 1= 6(x—5)=6(6-5)=6>0 2t B(6,0)
= Bist int of minimum for/

is the point 0 ,15(4)2-15(0)”2(4):“2
Minimum value of f =4°+3(4) ©)

_15(6 ~15(0)+72(6) =108
. Maximum value of f =6 +3(6)(0? 1 ()"
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33
Example : Find the maximum and minimum values of xy+ =+ 2 .

r ¥y
Solution : Given function is f{x, y)= W'+ e + '; w1}
i: aaiilr_zx__i‘and
ox x° v ¥
2
Af 20 Of 2 gL
Y TP Sy
> max 15 _E'I‘_ =0= E
The condition for f(x, ¥) to have min. Eﬁ'ﬂ! T ik ity
3 SR <
= y:%— 5 "'{ZJ a-nd * }rg
.

June 28, 2020
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= py=0ory=a
Mow p=0= x=00

-+ It is not possible.
Mow y=a= x=a .. Theextremumpointis (2,a)
f(x, ¥y will have max. or min at (g, a).

at
At{a,a)l=—5=2,m=1,n=2

Now in—mi=4-1=3>0,/=2>0

.+ f{x, ) has minimum at {a, a).
o B 3{22

The minimum value is f{&, &) = a® + —+—
@
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o

Example  : lnvcahguic r.hc maxima and minima, n“any °fﬂ1
¢ fung,

fx)=x Iy -x=p).
We have

Solution :

a
x
4
@p

{

In=m

]

S =2y (1-x-p) =2y —x42 _ 3,

3622 —dxdy? 3,23 =X2J’2(3~4x-3y)

3
2y - 2x%y - 3572 =x3y(2—2x—3y)

~2
s I 2.2 3
Py =6xy” =12x"y* — 6xy ":6"3’2(]“2-1—}').

8 f g
ox oy au”’ 2x%y -3x?)
6x2y—8x3y—9x2 y =x2y(6—3x—9y]

s
=2x3 244 —ﬁxy 257 (1-x-3y)

ayz

(xz}’.]z{u(l -2x=y)(1 —x—3y)—(6—8x—9y)2]

49/55
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&
For maxima and minima, g-ﬂ and ‘é‘”

= x2y1(3-4x—3y)=0 and x’y(2-2x~3y)=0

— x=0,y=00r3—4x-3y=0and x=0,y=00r 2-2x-3y=0

The possiblc extremum of f(x,y) are

(r=0,y=0), (x=0and 3 —4x -3y =0), (x=0and 2-2x—3y=0)
(=0and2—2x—-3y=0)and (3-4x-3y=0and2 - 2x-3y=0)

i, 00,0, %) ,(1,0),(0,1) and [12‘5] .

Atall these points except (2 3) n-m?= 0 i.e., there is no extremum value

2
11 5 1 (1][1) ( 1) 1
At I =g and haglal| &) liaie e
(z 3] o e 2\3 ER)i=g st

1 3 ; .
b o [5,]3) is a point of maximum.

Maximu, . [l l)=[l_£][ _£_£]=L(l_l -0
e s f2’3 89 ' 2 3 12\2 3/ 432
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Exumple : Find three positive numbers whose sum is 100 and whege Product s
ity

“r'”rll.
Solution : Letx, ¥,z be the required three numbers.
Thenx+y+z=k(=100) ..(1)
and floy2)=x0 ()
Eliminating z from (2) with the help of (1), we get
fxyy=xy (k=x-7)
i

o el = L =ple=2e-0)

¥ [p(-1)+(k ) 1]=x (k-x=2y)

3y ~ XD k=x=p) - 1] =x (k-x~
-1 Y Ly,

For f(x ») tobe maximum, g =) and af_:o

fils oY
= Ix+ty=kondx+2y=k

i k
Solving these, we get x=y =E

a 2
Now rlor !)=?{=—‘zy, slor m)= 'gx_‘:;”{_”*(* O S S5 e
&y

and f{or n) = —==-1r
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f=

Mow i — 52 {or fn—m* ) =4y — (k—2x - 2%

-2 --z=£-[ﬁ-_ﬁ_ﬁz=£ T A
J\IIJ‘IS' & Q 3 3} g-'-g_—T'_..j._.;,u
-~k
Alsoat x= y_% =2y T‘”‘
1[.&- k]
Henee fix, ) has a maximum al 33
24k
From (1), z=k—(x+y)= k- i
kk ko100 100 100 (4 00)
The required numbers are — 3733 ;.e.._i—, =

Thus the product is maxim

Dr. G V S R Deekshitulu, JNTUK
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Example @ A rectangular box open at the top is to have volume of 32 cubic fi, Fig
dimensions of the box requiring least material for its construction, 1 thy,
t Letx fi, y fiand z {t be the dimensions of the box and let § be the surface of the by

Solution
Then we have
&= gy + 2 pz+ 2z (Since apen at the top) )]
Given that its volume, x. .z =32 A2)
3
From(2), 2=—

Xy
Substituting the value of z in (1), we get

& =.1;|a‘+2;{12=J+2[32J;r=Jr,y+f£~i-ﬂ
xy

o Xy
as
Now —=Jt-%=0 and E:.1r—":'—:_—.ul.
x &y ¥
Solving these, we getx=4; 3 =4,
25 . %5 128

=2
Also f:ﬂ:ﬁ "=

y 7 — i E——=——
a3 ey @}2 yl
128 128
Atr=d4&y=4 In-mi= —x"""_J=9x7_ 1=3>0and ;=E=2>g
x _}J3 xi

Thus, §is minimum when x=4, y= 4,
From (2}, we get z=2
< The dimensions of the box for least material for its construction are 4, 4, 2,
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: Find the points on the surface =2 =xy + | that are nearest to the origin.

Example
Solution : Let P(x, », z) be any point on the surface
$lrpz)= F-mp-1=0 (D)
Let OP= p=y/x”+y* +2* -~
We have to find the minimum values of (2) subject to the condition (1).
From (1} and (2), we have
P4yt +l= el tay+] (3
2 7 62
Let r——-—a f,_g:f‘r_f_ and i'=—f
dx d ay &
Differentiating (3) partially w.r.t ‘x"and )", we get
g
2piE
A 2x +y )
and pr?ﬂ =3 i
iy ¥+ x (5)
The critical points are given by %’3 =0 ond 3__;; =0
x i
= rt+ys= ﬁandZy-i-x:u:,x:OJ:u
M= z=tfoil=s1 (rx=0,y=0p
54/55 June 28,2020  54/55
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F(0,0,1)and (0, 0,~1) are the critical points of p.

Differentiating (4) partially w.r.t, x* and ¥, we pet

dp L
2pr+2| X
[tih‘]

and Q.pﬂiap E.'p

2
I=r="=1aP and 0 [ = o
2 e, F=1and E;_U at P and QJ

- L
= l=s=—=—_y =
o 3 Pand @ [ p=12 B =%'—0an undQ]
Diff. (5) partially wort. "y, we get
2
L . -
sz.z[aP] = 2=:H‘—2—P“—|ut Pand Q.
ALP dQH_.F?._-_I.l:}H[:
tP and Q, rf—! 4 4

Hence p has minimuim at Pand Q.

Required points are (0,0, Ty amd (1, 0, - 1.
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