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Till now we have focussed on functions with one independent variable.
If u = f (x1, x2, ..., xn) where x1, x2, ..., xn are independent variables,
then u is called a multi variable function with n variables. Anyhow, we
restrict our discussion mostly to two and three variable functions.

δ -neighborhood of a point in a plane
δ- neighbourhood of a point (a,b) in xy -plane is a square bounded by
x = a− δ, x = a + δ, y = b − δ andy = a + δ i.e.,
a− δ ≤ x ≤ a + δ, b − δ ≤ y ≤ b + δ.
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Open disc
Neighbourhood of a point (a,b) may also be defined as an open
circular disc with centre at (a,b) and radius δ. i.e.,
(x − a)2 + (y − b)2 < δ2.
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Limits
u = f (x , y) is said to have limit L as (x , y) approaches (a,b) and is
denoted by lim

(x ,y)→(a,b)f (x , y) = L
if, for given ε > 0, we can find a δ such that |f (x)− L| < ε,∀x , y in the δ
-neighbourhood |x −a| < δ and |y −b| < δ [or(x −a)2 +(y −b)2 < δ2.]

The limit of the function is said to exist only when the limit along along
path in xy -plane from (x , y) to (a,b) is same. Otherwise the limit does
not exist.

Properties:
As (x , y) tends to (a,b), if limf (x , y) = L and limg(x , y) = M, then as
(x , y) tends to (a,b)

i. lim[f (x)+−g(x)] = L+
−M
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ii. lim[f (x .g(x)] = L.M

iii. lim[ f (x)
g(x) ] =

L
M ,M 6= 0
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Procedure:

Evaluate
i. limit f (x , y) as x → a and y → b
ii. limit f (x , y) as y → b and x → a
iii. if a = b = 0, limit f (x , y) along y = mx or y = mxn

If the limit in all the above cases is same, then the limit exists.
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Example 1 If f (x , y) = y2−x2

x2+y2 , find lim as (x , y) tends to (0,0)

Solution: i). As x → 0 , limf (x , y) = y2

y2 = 1.

ii). As y → 0 , limf (x , y) = −x2

x2 = −1.
The limit is not the same in the above cases. Therefore limit does not
exist.
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Continuity

A function f (x , y) is said to be continuous at (a,b) if limf (x , y) = f (a,b)
as x → a and y → b.

Ex.1 Discuss the continuity off defined as f (x , y) = x√
x2+y2

when

(x , y) 6= (0,0) and f (0,0) = 2.
Solution: i). As x → 0 , limf (x , y) = 0
ii). As y → 0 , limf (x , y) = x

x = 1

The limit is not the same in the above cases. Therefore limit does not
exist. Hence not continuous at (0,0).
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Let u = f (x , y , z). If we Keep y and z as constants and vary x , then
the derivative of u with respect to x is called Partial derivative of u
with respect to x [denoted by ∂u

∂x ] and is defined as

∂u
∂x

=lim
h→0

f (x + h, y , z)− f (x , y , z)
h

.

Similarly partial derivatives with respect to y and z are also defined
and are denoted as ∂u

∂y and ∂u
∂z respectively.

Higher order partial derivatives
The higher order partial derivatives of u = f (x , y , z) are obtained by
successive differentiation. i.e.,
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∂2u
∂x2 = fxx = ∂

∂x [
∂u
∂x ],

∂2u
∂x∂y = fyx = ∂

∂x [
∂u
∂y ],

∂2u
∂y2 = fyy = ∂

∂y [
∂u
∂y ], and

∂2u
∂y∂x = fxy = ∂

∂y [
∂u
∂x ].

Mixed partial derivatives ∂2u
∂x∂y and ∂2u

∂y∂x are equal if the derivatives
involved are continuous.

Total derivative
Let u = f (x , y , z), then the Total derivative of f , denoted by df , is
defined as

df =
∂u
∂x

dx +
∂u
∂y

dy +
∂u
∂z

dz.
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Chain Rule
Let u = f (x , y , z) and x , y , z are again functions of t . Then f can be
treated as a function of t . Then the derivative of u w.r.t t is called Total
derivative w.r.t. t and is given by

du
dt

=
∂u
∂x

dx
dt

+
∂u
∂y

dy
dt

+
∂u
∂z

dz
dt
.

Ex. 1. Find the total derivative of u = x2 − y2 where
x = etcost , y = etsint at t = 0.

Solution: We know that du
dt = ∂u

∂x
dx
dt + ∂u

∂y
dy
dt .

du
dt

= 2x .et [cost − sint ]− 2yet [sint + cost ]

du
dt
|t=0 = [2e2tcost [cost − sint ]− 2e2tsint [sint + cost ]]t=0 = 2.
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Ex. 2. Finddu
dt of u = ln(x + y + z), where

x = e−t , y = sint , z = cost

Solution: du
dt = 1

x+y+z [−et + cost − sint ].
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Differentiation of implicit functions
An implicit function of x&y is of the form f (x , y) = 0 which can not be
solve for one variable in terms of the other explicitly. Then
differentiating w.r.t x, we get ∂f

∂x + ∂f
∂y

dy
dx = 0.

Which implies dy
dx = −

∂f
∂x
∂f
∂y
.

Ex 1. Find dy
dx if f (x , y) = xsin(x − y)− (x + y).

Solution: ∂f
∂x = sin(x − y) + xcos(x − y)− 1 and

∂f
∂y = −xcos(x − y)− 1.

Therefore dy
dx = sin(x−y)+xcos(x−y)−1

xcos(x−y)+1 .
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Ex.2.Find dy
dx if yx y = sinx .

Solution: Taking ln on both sides xy lny = ln(sinx).

Let z = xy , then lnz = ylnx . Then 1
z zx = y

x implies that
zx = yz

x = y
x xy = yxy−1.

And 1
z zy = lnx . Implies that zy = zlnx = xy lnx

Now ,consider f (x , y) = xy lny − ln(sinx).
∂f
∂x = ∂xy

∂x lny − cosx
sinx = yxy−1lny − cosx

sinx and
∂f
∂y = ∂xy

∂y lny + xy

y = xy lnxlny + xy

y .

Now dy
dx = −

∂f
∂x
∂f
∂y

= −yxy−1lny−cotx
xy lnxlny+ xy

y

.
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Homogeneous function:
A polynomial in x and y is said to be homogeneous if all the terms are
of same degree. i.e.,

f (λx , λy) = λnf (x , y).

(Or) A function f (x , y) is said to be homogeneous of degree n if it can
be expressed as f (x , y) = xnφ(y

x ) or ynφ( x
y )

Example:

3x2 − 2xy + 15y2 = x2(3− 2(y
x ) + 15(y

x )
2) = x2φ(y

x ) That means
f (x , y) is homogeneous function in x and y with degree 2.
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Euler’s theorem:
If f is a homogeneous function of x , y of degree n then x ∂f

∂x + y ∂f
∂y = nf .

Example:

If u = log
(x2+y2

x+y

)
find the value of xux + yuy .

Solution:
x2+y2

x+y = eu = f , which is a homogeneous function of degree 1.
By Euler’s theorem, xux + yuy = nu
f = eu ⇒ fx = euux , fy = euuy .
∴ xfx + yfy = nf ⇒ xuxeu + yuyeu = f = eu

xux + yuy = 1.
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Example 2:

Find the value of xux + yuy + zuz if u = cos−1( x3+y3+z3

ax+by+cz

)
.

Solution:

Let f = cosu = x3+y3+z3

ax+by+cz = x2φ(y
x ,

z
x ).

∴ homogeneous function of degree 2.

∴ xfx + yfy + zfz = 2f .

fx =
∂f
∂u
.ux = −sinuux

fy = −sinuuy , fz = −sinuuz

∴− [xux + yuy + zuz ]sinu = 2cosu
⇒xux + yuy + zuz = −2cotu.
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Example:

Find the value of xux + yuy + zuz if u = y
z + z

x .
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Jacobian:
Let u(x , y , z) and v(x , y , z) be functions of two independent variables
x and y . The Jacobian of u and v w.r.to x , y and z is denoted by
J(u,v ,w

x ,y ,z ) (or) ∂(u,v ,w)
∂(x ,y ,z) is defined as

J(
u, v ,w
x , y , z

) =

∣∣∣∣∣∣
ux uy uz
vx vy vz
wx wy wz

∣∣∣∣∣∣
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Properties:

(i.) If J = ∂(u,v)
∂(x ,y) , J∗ = ∂(x ,y)

∂(u,v) , then JJ∗ = 1.

(ii.) If u, v are functions of r , s and r , s are functions of x , y then

∂(u, v)
∂(x , y)

=
∂(u, v)
∂(r , s)

∂(r , s)
∂(x , y)

(iii.) If x = rcosθ, y = rsinθ (polar coordinates) then ∂(x ,y)
∂(r ,θ) = r .

(iv.) If x = rcosθ, y = rsinθ, z = z (Cylindrical coordinates) then
∂(x ,y ,z)
∂(r ,θ,z) = r .

(v.) If x = rsinθcosφ, y = rsinθsinφ, z = rcosθ (Spherical coordinates)
then ∂(x ,y ,z)

∂(r ,θ,φ) = r2sinθ.
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Example 1:

x = eucosv , y = eusinv find ∂(x ,y)
∂(u,v) .

Solution:

J =
∂(x , y)
∂(u, v)

=

∣∣∣∣xu xv
yu yv

∣∣∣∣
where

xu = eucosv , xv = −eusinv , yu = eusinv , yv = eucosv .

∴ J =

∣∣∣∣eucosv −eusinv
eusinv eucosv

∣∣∣∣ = e2u.
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Functional dependence:
The functions u = f (x , y) and v = g(x , y) are said to be functionally
dependent on one another if J = ∂(u,v)

∂(x ,y) = 0
If J 6= 0, they are functionally independent.

Example :

u = exsiny , v = excosy

J =
∂(u, v)
∂(x , y)

=

∣∣∣∣exsiny excosy
excosy −exsiny

∣∣∣∣ = −e2x [sin2y + cos2y ] 6= 0

∴ functionally independent.

Dr. G V S R Deekshitulu, JNTUK 36/55 June 28, 2020 36 / 55



jntulogo

Example:

Whether u = x
√

1− y2 + y
√

1− x2 and v = sin−1(x) + sin−1(y) are
functionally dependent or not, if so find the relation between them.
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Example:

Whether u = x2e−2y coshz, v = x2e−y sinhz and w = 3x4e−2y are
functionally dependent or not, if so find the relation between them

Dr. G V S R Deekshitulu, JNTUK 38/55 June 28, 2020 38 / 55



jntulogo

Taylor’s Theorem for function of two variable:
Let f (x , y) be a function of two variables, then the Taylor’s series
expansion about x = a, y = b is

f (x+h, y+k) = f (a,b)+hfx(a,b)+kfy (a,b)+ 1
2

[
h ∂
∂x + k ∂

∂y

]2
f (a,b)+...

Maclaurin’s Theorem for function of two variable:
It is a special case of Taylor’s series, when the expansion is about
a = 0,b = 0. ∴ f (x , y) = f (0,0) + xfx(0,0) + yfy (0,0) +
1
2

[
x2fxx(0,0) + 2xyfxy (0,0) + y2fyy (0,0)

]
+ ...

Dr. G V S R Deekshitulu, JNTUK 39/55 June 28, 2020 39 / 55



jntulogo

Dr. G V S R Deekshitulu, JNTUK 40/55 June 28, 2020 40 / 55



jntulogo

Expand exy in powers of (x − 1) and (y − 1).
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Expand x2y + 3y − 2 in powers of (x − 1) and (y + 2).
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Maxima and Minima of function of two variables:
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