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Double integrals
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eacce® Consider a function f(x, y) of two independent variables x

B and y, defined at each point in the finite region R of the xy
plane.
The double integral of function f(x, y) over a region R is

defined as [ [ f(x, y)dxdy.

Domains

For single variable function y = f(x), the domain is one
dimensional.

For two variable function, u = f(x, y), the natural domain is
two dimensional region in a plane (xy-plane).

For three variable function, u = f(x, y, z), the natural
domain is three dimensional. i.e., in xyz-plane.



Different types of double integrals
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i CVe 1. Let f(x, y) be a continuous function in R where

e R={(x,y)/a<x<bc<y<d} then [ [5f(x,y)dxdy =

fxb:a |:fyd:c f(X7y)dy_ dx = fyd:C [ff:a f(X,y)dX] dy.
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VARIABLE 2. If f(x, y) be a continuous function defined over the region

CALCULUS
R, where R={(x,y)/a<x < b;y;1 <y < y»}, then [here

Prof. GVSR
N y; and y» are function of x and a, b are constants]

/R/f(x, y)dxdy = /X: in f(X,y)dy] dx.




3. If f(x, y) be a continuous function defined over the region
R, where R = {(x,y)/x1 < x < xp;c < y < d}, then [here
X1 and xo are function of y and ¢, d are constants.]

/R/f(x, y)dxdy = /y: [/Xi: f(x, y)dx] dy.

_ﬂ




Multiple Integrals
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Prof. GVSR If limits, for one variable is function of other and for other
Bl variable is constant, then first we have to integrate the
variable with respect to variable for which limits are

Dot intgrls functions of the other, then the variable with constant limits.

That means limits of x are given as functions of y, then
integrate w.r.t x first, then w.r.t y. Similarly limits of y are
given as functions of x, then integrate w.r.t y first, then w.r.t

J [dAor [ [ dxdy represents area of the region R.
R R



Properties of double integrals:
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i. ffaf(x,y)dxdy = aff f(x, y)dxdy
i f f [f(x, ¥)Tg(x y)]dxdy =

J f f(x, y)axdy™ [ f g(x, y)dxdy
ii. fffxy)dxdy fffxydxdy+fff(xydxdy

2
where R is the union of R; and Ro.
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1 ry 1 y
//ex/ydxdy:/ [/ ex/ydx] dy
0 Jo 0 0

1
= /O [ye*/V))_ydy

Sol.

1
=/ [ve — yldy
0

el

’
25(9*1)

0
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Example 1.2

Evaluate [ [ xydxdy where R is the region bounded by
¥y =Xx,y?=4x.

Sol. The region R is bounded by the line y = x and
parabola y? = 4x.

The points of intersection of the line and parabola are given
by x> =4x = x=0,4.

fx=0,y=0andifx =4,y = 4.

(0,0) and (4, 4) are points of intersection with the line y = x
and the parabola y? = 4x.
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4 r2yx
_-,//xydxdy—/0 l/ xydy] ax
X
* x 212/%
:/ E[y Ix
0

1[4 5
=— [ x[4x — x°]dx
2 Jo

_1/4 45 x°
2/ |8 41,
32

3
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Double integrals

I -_
gl-\i"‘l"" : Evaluate (.-)J' [ *2+?) deay,
00

4 p
(i j' 5 dx dy
0, x + y

2

A 5
Solution : J- _f xz*)‘z)dxdy j I (13”'1}’2)6')* dx
0

x=0 | y=0

L}
D
hU!
+
“"|h~q
N ——
&
I
——
axlk
@
R

=£ 58_5'3] % =
6 24 6 24

4 ¥

e, - 1

[} Given integral =f ¥y j T =3 dx |dy [Here y is constant]
0] xep?i4 5

| S

_29(5%)

24
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(D -i[z-w ()]

4
kL =
= EU’JS —J-I&ﬂ If“')" |integration by paris|
0

=m—- lan’:(zjy.’-j!y. : .lc-'y
& 47 [ y? 4

Double integrals

_u-[t!tan - 4]——4']
I
:n—[at(g—l{!ag(fzﬂﬁﬂﬂ J I""—“" irru_f'f.v)_

= 2[log (32)— log16] = 2log (32/16) = 2log2
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Example : Evaluate _nydx dy where R iis the region bounded by x- axis, ordinate x = 2a

and the curve x2 = day. &

Solution : Let us draw the parabola x2 = 4qy, the line x = 2a and identify the region R of
integration. It is as in figure. The integral _U xpdrdy is same as Hx)idy dx.
R R
Letus consider a fixed x (Draw a line x = % in the region). \ B
A

Now for this fixed x, y varies from 0 to x2/4a. To be in the
region, we have to vary x from 0 to 2a.

2a ¥fda
Hence the given integral = I xp dy dx
x=0 y=0
2a | lda ‘2al 2 w2ida
=I I ydy xoLr=I[y—:| xdx
x=0| y=0 x=0 y=i
2
2a I4 1 f "

= | —=xdx=
Iﬂazaz 324°

x=




Double integrals in polar form

MULT- Let the double integral is of the form [° ["2 f(r, 6)drd6.
a Jn

VARIABLE
LN Here rp = f(01) and ro = f(02),0 = aand 0 = Bla, § are
constants]

then [ [ f(r,0)drd = [ | [543 f(r, )] do.

r
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Procedure:

. Sketch the region given by identifying the curves

2. Imagine the radius vector OA in the region and mark
the limits of r as functions of 6 say r = f,(0) to £(0).

3. Find the smallest and largest values of 6 between
which the complete region lies.

4. Then the integral is evaluated as f f,fzw)f r,0)drd(6).



MULTI-
VARIABLE
CALCULUS

Prof. GVSR
Deekshitulu

Double integrals in
polar form

Ex.Evaluate [J7/? [ —add

(r2+a2)2-

w/2 roo  rdrdd 7r/2
Sol. f fo (,glaz)z = [fo (,’2+a2)2 df} do
Putr® + & =6
2rdr = dt — rdr = 4. So

/,7/2 / rdrdf /ﬂ/’ﬁ’ [ / dt] ,,/2[ >
2 P do =
(r2 + a2) 0 @ 2 o 2

/2
— — 2 _ T
_/0 [2&2] 9= 2a2 [6] 48
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Solntion : The cardioid = a(1-cos 0) is symmetrical about
the initial line and it passes through the pole O when 8 = 0. The
region of integration R above the initial line is covered by radial
strips whose ends are =0 and 1= a( 1-cos 0), the strips starting

from 0 =0 and ending at 0=1r.

Double integrals in
[l i n afl-cos)
o [[rsinodrae = [ [ rsinbarde
: 0=0 r=0
n all-cos8) n 2 a(l-cos @)
L J‘sinﬁ{ J r ch’}dﬁ:fsinﬂ(r__] 40
0 0 0 24

m
%j’sin :] a2(1 —casﬂ)zdﬁ
0

az[fhcosefJﬂ_a”[a cosm® ~(1-cos0)|
= =—@- —(1-cos
2 3 i 6

2 2
a 4a
B oisopj=t
6[ ] :

3



MULTI- U Example : E 3 5
VAPTAEILE E : p valuate ‘” r" dr dB over the area included between the circles =2 sin 0 and
4sin 0.

CALCULUS
: Solution : The region of integration R is shown shaded. Here r varies from P(r = 2 sin 0) to
Q(r=4sin 0) and to cover the whole region 0 varies from 0 to 7t

T 4sinh

Double integrals in e II.’J drdf = I ‘[ !’3 dr d0

polar form 8=0 r=2sinh

T 451in 0
[ { j ” dr}dﬂ
0

r=2sin@

.n 4 yAdsin@
=f. [L] d0
Rl

2sinB

T
=% [(256sin* 0-16sin* 0)d0

2a a
=60 Tsin4 040 { J'f(x)tix=2jf{x) dc,iff(Za—x)=f(x)]
0 0 0
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Double integrals in
polar form

Solution :
The curve r* = a2 cos 26 is symmetrical about

the initial line (i.e. x - axis) and about the line § ==

(i.e. y-axis). The curve intersects the x-axis at the points
A (a,0) and A'(~a,0). Due to symmetry one loop is
formed between the points O and A and the other

between O and A",
Imagine a radius vector from the pole O(r = 0)
through the region R, which emerges at P where

= a/cos 2. Such radii can be drawn in between the

lines 9=-" top=T,
4 4 -
n/4 aJeos2B

TEHT »dr do gt S ;
Example : Evaluate ”'? over one loop of the lemniscate 2 = a2 cos20),
¥ ar+ r2

a8 = I [\J'u2+azc0529—\[c?‘r

rdrdo w/4
i, d
el 1T 7% - T o4
T f=—m4 r=0 Va“+r 0=—n/4
1 T [ ST 0228 x4
T -[ 172
8=—r/4 o B=—n/4

n/4

-n/4

—n/4

2r

r=0 v'az -}-)‘2

dr .

]d’B

nid
a [ [Jl-bcosZB—l] 0 = a [ [VZeoso-1]ap = ﬂ[\EsinB-B]:::‘



Exercise:

MULTI-
VARIABLE
CALCULUS

1. Evaluate |7 f0x2 e/*dydx.
2. Evaluate [ [ ydxdy where R is bounded by the
R

parabolas y? = 4x and x? = 4y.

3. Evaluate [T/ Jatt +cosey rarde.



wu- Il Change the order of integration:
CALCULUS . . ) ) : :
St EVEE If, in the given double integral the integration is w.r.t. x and

Bl then w.r.t y, the process of converting the order of
integration is called change of order of integration. Change
of order of integration changes the limits of integration.

|
Consider a double integral [ [ f(x, y)dxdy where R is
R

region.

Assume that R lies between the lines x = xg, x = x; and
curves y = fi(x) and y = f>(x). For points of R, x lies in the
interval [xo, X1], y varies between f;(x) and f(x), where
fi(x) and f(x) are the ordinates of the points at which the
boundary of R is intersected by line through (x, y) and
parallel to y-axis.
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f2(x)

//fxydxdy / [/ " xy)dy] dx

By change of order of integration, limits of y will be
constants yp, y1 and x varies between g;(y) and g»(y)
which the boundary is intersected by the line through (x, y)

and parallel to x-axis.

Y1 92(¥)
// (x,y)dxdy = / / f(x,y)dx| dy.
=yo [/x=91(¥)



Change of order of integration:

MULTI- . .
VARIABLE Procedure to change the order of integration:
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S 1. ldentify the variables for the limits.
2. Trace the curve.

3. If we are evaluating with respect to y first, then take
strip parallel to y-axis.

If the evaluation is with respect to x first, then take strip
parallel to x-axis.

4. Rotate the strip to 90° in anti clock wise direction and
identify the starting and ending points of the strip, which
will be below and upper units of that variable.

5. Identify the limits for other variables for the region of
consideration.

6. Evaluate the double integral with new order of
integration.
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Example 1.3

Evaluate [; f (x + y2)dydx by change of order of

integration.

Sol. Before change of order in integration: x : 0to a,y : % to

x
a
e, x=0,x=aand x = ay,x = ay.
A
yz-:x}'a
(a, 1)

(0, 0)



MULTI- After change of order of integration: x : ay?to ay, y : O to 1.
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a ry/x/a
/o /x/a/

(a, 1)

(0,0)

11 ray
(x2 + y?)dydx = /0 / (x® + yz)dx] dy
L/ a
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Example : Evaluate the integral by changing the order of integration _[ f e—dfv dx
0x

o -] E_y
Change the order of Selution : The given inlf‘-gr“dl is I _[ 3y dy |dx

integration x=0| y=x

Note that we cannot evaluate the integral within the square 1
brackets. Let us change the order of integration and see what happens.

As is given, the region is described by fixing x first, finding the P
limits of y and then changing x.

Fora fixed x, y is changing fromx to oo,

o|
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Change the order of
integration

Draw the line ¥ =x. Then x varies from Otoes,

The region of integration is shaded in the figure,

- y=Nkow Iet. us change the order of: integration, Suppose we fix yfirst. This, we shall do, by drawing

Now x varies from 0 to . To cover the region, then yhas fo vary from 0 to o . The integral now
oy oy .
can be written as I J' e——dx.tfy

This is equal to

—dk |dy= | |—ux| dy= | —y.d
J’J=-U ;io % x y£0 LB 15 y{ﬂ y PR

o P &7 [~
= [evay= | =EeEUsl
»y=0 & y=0
. = d
(Notice that while we were unable to evaluate the double integral as was given, we coul
“aluate it, easily, by changing the order of integration).



MULTI-
VARIABLE
CALCULUS 3=}

Example : By Changing the order of integration, evaluate _[ f (x+y)dedy.
0 1

3 -y
Solution : The given integral is f _[ (x+y) dx dy
y=0 x=1

Change the order of
integration

For a fixed y, x varies from 1 to Mand then y varies from 0 to 3. Let us draw the curves
y=land x=,{(4—y) (ie)x=1andx2=d—y x=1isa line parallel to y axis. x?=4 -y is a curve
symmetric about y-axis and (0, 4) is a point on it. It meets x axis at (+2,0), Fory > 4 there are no points
on the curve. x = | and ¥ =4—y intersect at (1, 3). In view of the above description, we identify that
the region of integration is the shaded region.
Let us fix x. For a fixed x, y varies from 0 to 4—x2. Then x varies from I to 2 to get the region of
2 4—x?
integration. The integral is J I (x+y)dydr
x=l p=0
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Change the order of

This is equal to
integration

2 4—x
y2
x=]

y=0

Il
A
Mi*‘N
1
|
+
B | =
e
=
o
1
+
uu[Hm
|
‘On
W R
b
R
=)
1 &

1 32 64 11
8—4+—(32+—=-—"3| —|2_2
TS )} [2 i

1 8
—(16+———
i B)J
241

60 *
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o a a 2 dl’
FExuwmple @ Evaluate by changing the orderofintegrationj. _[ —yaj’——
0 ary ¥* —ax

Solution : Here y varies from +/ax to a and x varies from 0 to a.

Change the order of
integration

ie., Limits are y=+far of y’ =ar,y=q and x=0,x=g .
Hence it is clear that the integration is performed first w.r.t. 'y' and then w.rt. 'x'-

“T'hus problem is first performed along the vertical strip PQ which starts from y* =ar
o y=da. '
Hence the region of integration is the dotted portion OABO.
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Change the order of
integration

On changing the order of integration, we first integrate w.r.t. ' along a horizontal strip

RS which extends from x=0 to x=3%/a.
To cover the region, we then integrate w.r.t. 'y' from y=0to y=a.

a a 2 ‘ ay*la
A Yy dx 1
.‘[J- 4 22=Ify2. 4 zgdxdy
0 Jax Y —a'x 00 Yy —ax
21y Yy
ot o 1 1
=—[y —_—
a;,l- l SN2 B(O,a)| F Y=a A(a,a) ,
a
2
la »e
——J-yz(sin"l-v] dy %
iy 5 0]
18 g g
=7Iy2(sm "1—sin"'0) dy
Ty

o] 2a5}_1(y3Jﬂ_ ﬂ(az_[,}__r:g’_
ZGoy T 24\ 3 b 2al 3 T 6
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Exercise:

1. By change of order of integration, evaluate

Is J2(x® + y?)dyadx.

2. By change of order of integration, evaluate
fo fx228/ax Xyzdde.



Change of variables in double integrals:
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Deekshitulu (r’ 9)
Consider the double integral in the region R, [ [ f(x, y)dxdy
R

in the xy plane.
Put x = rcos@ and y = rsin 6, then
J [f(x,y)dxdy = [ [ f(rcos®,rsin8)|J|drdd

R R

= [ [ f(rcos#,rsin6)rdrdo,
H*

where J is the Jacoblan and

a(x,y) 5 | | cos® —rsinf |
J =500 = gy 3 " | sin@ rcosf ‘_




wanoie [l Example 1.4
Evaluate f01 fya X_dxdy by changing into polar

CALCULUS
X2+y2

Prof. GVSR
Deekshitulu Coord/'nates.

Sol.
y=x
¥
1L, ry= _
x=0( A@n ™
: (a,0)
(0,0)
yEO

The region of integration bounded by y =0to y = 1 and
xX=ytox=a.
From the figure, it is located in first quadrant only.




Changing into polar coordinates by putting x = r cos 8,
y = rsinf and dxdy = rdrd6.

The limits for r and 6 are obtained by
X=Yy=rcosf) =rsinf) =tant =1o0rf = 7.
X=a=rcos =a=r= 23

.rvaries from 0 to _2;, 6 varies from O to %

1 ra X w/4 pra/cosl rcosf
/0 /y )(2—|—y2dXdy:/0 /O 2 rdrd6
w/4 pa/cosf
:/ / cosfdrdf
0 0

w/4
= / [r]g/cose cos 0df
0

w/4 ar
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V2x-a?

2 i
Example :Evaluate I j Rl by changing into polar coordinates.
: [

,Jx +)7

Solution : The region of integrationis y =0,y =v2x—x>,x=0,x =2
te, y=0,x> +3* =2x,x=0,x=2  ..(1)

We know that x* + % =2 represents
Change of variables the circle with centre (1,0) and radius 1.
from cartesian to

polar form In polar co-ordinates the same region is bounded by
the curves r=0,r=2c0s0,0=0 and 0=1/2

[By putting x = rcosB,y =rsin® in (1), we get
y=0=rsin@=0=0=0 (- r=z0) i

x=0=rcosB=0=0=n/2 (~r=0) r=2cosH

y=A2x-2? =2 +3% =2x=r* = 2rcosh

= r=2cosh ]

o r=0,6=0
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242552 w/2 2cosh
J‘ -[ xdyde  _ J‘ J' (rcos) dr do
S 5 W SN [ dxdy=rdrdo)
0 0 X +y 8=0 r=0
| wf2 2cosB w2 2 2cosf
=j I FecEBdrde = Icose[ ] do
polar form 2 ]
| 0 0 0
/2

'-D|M
l.r-ll-h

—2.[005 0d6 =
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Exercise

1. Evaluate [Z [V?*~ **(x2 + y?)dxdy by changing into

Ghango o ariaes polar coordinates.

2. Evaluate [;° [¢° % using polar coordinates.



Triple integrals:
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Ml  Consider a region v in three dimensional xyz-space. Let
SRR f(x, v, z) be a continuous function of three variables over

the region v .
1. Let f(x,y, z) be a continuous function over a regular

solid v definedby a< x < b,c<y<d,e<z<Hf.
Then

J [ [f(x,y,z)dxdydz = f: fcd f; f(x,y,z)dzdydx.
%

2. If f(x, y, z) be continuous function defined by

a<x<bfi(x)<y<h(x),g1(x,y) <z<gx,y)
then ffff(x,y, z)dxdydz =

fa fffz((;() ggf;(;/ f(x,y,z)dzdydx.
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_ 1 1_ 2
Prof. GVSR Evaluate fO 0\/ X 0 \/ﬁ
—X _y —2Z

Deekshitulu

Sol. We have [ \/:’2’(72 = sin~"(x/a)
—Xx

1 Vi@ /1oy dxdydz
/o/o /o V1i-x2—y2_ 22

1 /1= p\/1—x2—y? dz
- [ dyax
0o Jo 0 \/(m)z_zz

1 m/1-x2 1 7
= Sin_ _— d dX
/0 /o [\/1—x2—y2]O 4
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// [sin="(1) — sin"(0)] ayalx

:/ E[y]OVFdeX
0
)
—Z/ V1 — x2dx
0
]
X e VX
2[2 1—x +25|n 7,

gl

m.‘-ﬁw N
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NN Fvaluate [ [ [ xyzdxdydz where v is bounded by the

%
coordinate planes and the plane x + y +z = 1.

Sol. The region is bounded by the planes
x=0,y=0,z=0andtheplanex+y+z=1.



Pt e, zvariesfromOto1 —x —y

CALCULLS y variesfrom0Oto1—x [inxy-plane z=0i.e.,
x+y=1]
x varies from 0 to 1.

1 1—x pl—x—y
/ / / Xxyzdxdydz = / / / Xyzdzdydx
o Jo 0
v

/ /1 Xxy[ ]1 - ydydx
:2/ /1 Xxy(1—x—y)2dydx
//1 Xx[y —2y?(1 — x
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MULTI-
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VARIABLE
CALCULUS Example :Evaluate I f J‘ -z dr de.
U] 1] a
w/2asing | (a*=r?)y2 /2 asin® a2 2
Solution : Given integral = r J. dz | dr d8 = j I T > dr db
0 0 0 0
/2 asin® Asing
1 & w2 2 2 4
-] [ @r-rharae-1i|2r r -
20 0 2,02 4
2

1 L a -az sin2 5] a“ sin4 2]
=3 - do

Triple integrals. I
] 2 4
a4 n/2 s 4 mi2
=Tfsin 0d0-2 J’ sin?0 40
0 0
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Triple integrals

Example : Evaluate J'

0

log2 x x+logy
Solution : J- I
0 0 0

log2 x x+logy

[ e dr dy dr.
0 0
log2 x x+logy

ex+y+zdza5,¢,= J' J‘ J’ (Fd)e® - Pdy dx
0 0 0

log2

o8 xx y z x+logy

| e @)™ yas
0 0 2

log2

£ exJ'ey (ex+lugy_])‘é}dr
0

log2 log2 x
= £ e [e¥ (*-y-1) dy dx= | &|[oe=nedy |ax
0
log2 ’ ’
- 3 X DA i - ki
{ e [(ye e Ie eydy]odx
log2

= i!‘ ex[(ygx_ney_en—y];dr

log2
N T,
0
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Triple integrals

& 3log2 ESlogZ
logZ 3log2 _ S _—— ciogs 1]
= — +—d -
o ’ 1 13l B ]
8 §,_§+2+-—+—"'l = —S“IOgZ—E

= —log2- 9 3
3 9 3 3
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VSR ero 5+
nitulu Dfr?h;aﬁgh”: Equ ¢
The limits of integration are :
s=010 Ja?—x*-¥" ,¥=0to Va’ -5 andx=0toa
a va' - \iﬂz—l‘z—)‘:
-‘.ijyz zdedydz = J- J -' nyzzdzdydx
[ 0

Triple integral “a";z 5 22
pie ied : =J' J' B | de dy
0 0 0
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25 gaall L)y
5 xa —x )"\ 375
0

a : 2_,2oy = —2xdx=dt]
_I_Ix(a2~x2}mir [l iz
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Exercise:

1 pl—x pl—x—y dzdydx

2. Evaluate [ [ [(2x + y)dxdydz where v is the closed
v

region bounded by the cylinder z = 4 — x? and the
planes x =0,x =2,y =0,y =2and z = 0.



Cylindrical coordinates system

MULTI-
VARIABLE
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The general limits of r,6 and zare r > 0,6 € [0,2x] and
z=2z.




Cartesian coordinates to cylindrical

coordinates:

MULTI- . . . .
VARIABLE The change of cartesian coordinates (x, y, z) to cylindrical

SATCHEES coordinates (r, 8, z) by the transformation

X =rcosf,y =rsinfand z = z,

then [ [ [ f(x,y,z)dxdydz = [ [ [ F(r,0,Zz)|J|drd0dz
v %

where

ox  Ox  Ox

Sy | 8w
a(r,0,2) g 8 3
or 00 0z

cos —rsinf 0O
=1 sinf rcosf O
0 0 1

J f [ f(x,y,z)dxdydz = [ f [ F(r,0,z)rdrdfdz



Spherical coordinates system
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; ¢ Z=F cosf
g/
%
7" .
. "~¢ X=r sinf cosgp
Gartosian XL yersingsing L
Soneriar
coordinates: . .
The general limits of r,6 and ¢ are r > 0,0 < 0 < = and

0< o< 27.
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Cartesian
coordinates to
Spherical
coordinates:

Spherical coordinates system




Change of variables from cartesian coordinates

to spherical coordinates:

Yol Let (x,y,z) denotes cartesian and (r, ¢, ) denoted
CALCULUS spherical coordinates by the trains formation.
SO X = rsinfcos¢,y = rsinflsing,z = rcosf,

Deekshitulu
then [ [ [f(x,y.z)dxdydz = [ [ [ F(r,0,¢)|J|drd8d¢
v v

where

ox  9x  9x
ar 900 9
J= 6(X,y,Z) _ | oy oy 87;)
- - or 00 0
o(r,0,9) 5 5 %2
or 90 9é

sinfcos¢ rcosfcos¢p —rsinfsing
= | sinfsing rcosfsing rsinfcoso
cosd —rsinf 0

= r2sind

[ [ Jf(x,y,2)dxdydz = [ [ [ F(r,0,¢)r?sin 0drdod.
v v
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CALCULUS dxdydz
BN Evaluate [ [ [ W{Hz, taken over the volume bounded by

Deekshitulu the Sphefe X2 + y2 + 22 — a2

Sol. Changing into spherical polar coordinates by putting
X =rsinfcos¢,y = rsinfsing,z= rcosf and

dxdydz = drdfdq.

In integrand x2 + y? + 22 = r2.
Limits: r varies from 0 to a, 6 varies from 0 to =, ¢ varies
from 0 to 27.

/ / / dxdydz /2“ /” /a r? sin 0drdfd¢
X+y2+z2 Jo Jo Jo r#
2 pm ra
:/ / / sin 0drddd¢
o Jo Jo

. orJarninr 12t
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peeksnily Using cylindrical coordinators, evaluate

[ [ [(x®+ y? + z2)dxdydz taken over the region
v

Example 1.8

0<z<x2+4+y%<1.

Sol. The region is given by z varies from 0 to 1 and

X2+ y? =1,

Changing into cylindrical coordinates by putting

X =rcosh,y =rsinf,z=zand dxdydz = rdrdf.

In the integrand , x2 + y2 + 22 = r? + 22,

Limits: z varies from 0 to 1 and the cylinder is above
xy-plane and its base is circle. So r varies from 0 to 1 and 6
varies from 0 to 27.
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/ (X% + y® + z%)dxdydz

2r 1 o1
/ / 22+ r )rdzdrd6
o Jo
2 11,8 1
/ { +r z] rdrd@
o L3
2m /1 |:1
0
r

"I2 o S

} rdrd@

I
S— o— o— o— ~T——1
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CALCULUS
Prof. GVSR 1. Changing into spherical polar coordinates, evaluate

Deekshitulu
a p\/@—x2 \/ a—x2—y?
Io o dzdydx.

Hint: All the glven limits in first(or Positive) octant, so
r-0—-a0:0-75,¢:0— 3.

2. Evaluate fff% where v is the region
v

bounded by between two spheres x2 + y2 + 22 = a2
and x2 + y2 + z2 = b?. [Hint: No restrictions like first
quadrants. Sor:a— b,0:0 — m,¢ : 0 — 27].

Cartesian

coordinates to

ol 3. Evaluate [ [ [ z(x? + y?)dxdydz where v is the volume
v

bounded by the cylinder x? + y? = 1 and the planes
z =2 and z = 3 by changing it to cylindrical
coordinates. [Hint:z : 2 — 3, and its base is circle, so

N -4 N N N
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Area enclosed by a curve:

The area of the region bounded by the curves is given by
A= [ [dxdy.

Example 1.9

Find the area lying between the parabolas y?> = 4ax and
x? = 4ay.

Sol. The intersection points are obtained by substituting

X = {a in x2 = 4ay, we get

16;2 =4day = y* =64a%y = y(y® — 643°) =
.y=0o0ry=4a

Ify:O,x:Oandify:4a,x:4a.

The points of intersection with the curves are (0,0) and

(4a,4a).

Taking strip paraIIeI to x-axis(or you can select y-axis also),

then (from fig) x : y to \/4ay, y : 0 to 4a.
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Area — / / dxdy — / * / B
y2/4a
=/O Dy - / Vaay }dy

4a
_ [\/IyS/2 y3 ] _ 2\/5(48)3/2 _ g

aﬁ‘mo 3 1
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CALCULUS

B Find the area lying between the circle x? + y? = a® and the
Deeksituly line x + y = a in the first quadrant.

Sol. The intersection points are obtained by substituting
y=a—xinx?+y?=a, we get
xX°’+(a-xP=a=>2x>-2ax=0=x=00rx=a.

If x=0,y =aandif x = a,y = 0. The points of intersection
with the curves are (a,0) and (0, a) which is shown in fig.

N

(0. a)

(0, 0)



MULTI-

VLIEM  Taking strip parallel to y-axis, then y : a — x to Va2 — x2,
CALCULUS X - 0 tO a



Exercise:
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1. Find the area bounded by the curves y = x° and y = x.
2. Find the area enclosed by the pair of curves y = x and
y =4x — x°.
3. Find the area of the cardioid r = a(1 + cos#).
[Hint:r : 0 — a(1 + cos#); 0 : 0 — 7.
Area= [ [dxdy = [ [ rdrd6.




Volume as triple integral:

MULTI-
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Prof. GVSR C e . . .
Deekshitly Suppose a solid in three dimension given by planes parallel

to the coordinate planes into rectangular parallelepiped dv
of volume is dxdydz.
.. The volume of solid is [ [ | dxdydz.

%

Example 1.11

Find the volume under the parabolic x? + y? + z = 16 over
the rectangle x + a, y + b.

Sol. Limits: z:0to 16 — x> — y2, y : —bto b, x : —ato a.
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a b p16—x2—y?
Volume = / / / dxdydz = / / / dzdydx
—-aJ—-bJO
a rb
:/ /b(16—x2—y2)dydx
_a f—
a 31b
:/ [(16—x2)y—};]
—a —b
2b

_ 4ab Dlag - 7).
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Example 1.12

Find the volume of the solid cut off from the sphere
X2 + y? + 22 = & by the cylinder x? + y? = ax.

Sol. Given region is X2 + y2 + z2 = a2 and x2 + y? = ax.

Changing into cylindrical coordinates by putting

X =rcosf,y =rsinf,z =z and dxdydz = rdrdo.

X4y +22=d=r’+z22=2aand

x>+ y?=ax =r?=arcos = r = acosb.

Limits: we can understand from figure.
z:—Va—-r2—sva—r2,r:0— acos,0:0—x.

acos 6 a2 r2
Volume = / / / axdydz = / / rdzdrd6
_\/g—r2

acosf
_ Ja2_r?
_/0 /0 r[z]_\/ﬁdrdH




=t

MULTI- = fO acosaZl’\/ﬁdrdﬁ Put a2 — r?
VARIABLE

CALCULUS —2rdr = 2tdt. Limits: r — acosf = t — asinf and
r—-0=t—a

T asinf
Volume = —/ / t(2t)dtdo
0 a

T 3 asind
L

[ a2

/ [35|n9 sin 36 1]0,0

ia
5[ ”
|

—3c050+ —cosSG 9]
4 0



Exercise:

MULTI-
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ol Gven . Find the volume of tetra hedron bounded by the planes
x=0,y=0,z=0and £+ £ +Z=1.
Hint: using triple integration.

2. Find the volume of the sphere x2 + y2 + z2 = &2 using
triple integration.
Hint: Also use spherical polar coordinates.

3. Find the volume of the solid enclosed by the surface
z=0;x2+ y? = cz and x° + y? = 2ax.
Hint: Using cylindrical coordinates:
z:0— %, r:0— 2acosf,d: 0 — 7w because entire
cylinder exists in right side.
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Multiple Integrals & applications of integration

1 'szyzdxdy over the circle x*+y? =1 is

a) /2 b) 11/24 c) 11/36 d)None

2

2. jje”‘dydx:
o0

a)l b)1/2 c)1/4 d)None
2 x42

3. j dydx=
b

a)9/2 b)9/4 c)3/2 d)None

4.

[EPS——.

11
”e”y‘zdxdydz:
00

coordinates to

Spherical a)(e-1)? b)e? ¢)(e-1)/2 dye?

coordinates:

2x
5. The limits of integration after the change of order of integration of ” f(x, y)dydx
01
a)x=3y"?to 2,y=0t0 8 b)x=y*to 2,y=0t0 2 ¢)x=0to y*, y=0 to 2 d)None
6. H x?y*dxdyover the rectangle 0<=x<=1 and 0<=y<=3 is
a) 81/4 b)27/8 €)29/4 d)None
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7. {[[ 2° + 2)dxdydz over the volume of cube bounded by the planes x=y=2=9 is
a0  by4Il c)811/3 d)None

8. _U ydxdy over the area bounded by x=0,y=x?x+y=2 in the first quadrant is
a)8/15 b)16/15 c)4/15 d)None

22
9.The value of the double integral ”(4 — y?)dydx
00

a)16 b)16/3 )8/3 d)None
10. ﬂdA. where A is the region in first quadrant bounded by the lines y=x,y=2x,x=1 and
A

Xx=2is

a)3 b)3/2 c)3/8 d)None
coordinates to
Spherical
coordinates: 11.The length of the curve y=x*? from x=0to x=4/3 is

2)26/27 b)36/27 c)46/27 d)56/27
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12.The length of the arc x=t,y=t from t=0 to t=4 is
V2 b)2% )32 d)av2

13.The length of the arc of the curve x= e' sin t ,y= ' cos t from t=0 to t=1/2

a)2e "p)e 21 020 "-1)  d) V2 (e"%1)

14.The perimeter of the loop of the curve 3ay?=x(x-a)’ is

a)2a/3 b)4a/3 c)4al3 d)2a/+3

15.The perimeter of the curve r=a(sin t+cos t), 0<=t<=1IT is

a)all b)v2all  c)3all d)v/3 all

16. The volume of a cone of height h and base radius r is

a)4/3 Tr*h b)2/3 TI*h ©)1/3 I*h d) I*h

8 17.The volume of the paraboloid generated by revolving the parabola y2= 4ax about the x-
EOEIEEE axis from x=0 to x=h

Spherical
coordinates: a) ITa h? b)2 IMah? ¢)3 Ilah? d)4 Mah?
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18.The volume of the solid formed by revolving the ellipse x¥/a’+y*/b?=1 about the major

axis is

)2/3 Ma’b b)2/3 Mab? ¢)4/3 Ta’b d)4/3 Tlab?
19.The volume of the solid generated by revolving the cardioid r =a(1+cos t),0<=t<=1IT is
a) I1/32° b)211/3 a° )4 11/3 a° 8 113 2°

20. The volume of the solid generated by revolving the area enclosed by y=x,y=0 and x=a
about the x-axis is
a) Ia® b)2 ITa® ©)2/3 Tla® d) 11/32°

Key: 1b 2b 3a 4c 5a 6d 7a 8b 9d 10b

11.d 12d 13d 14.c 15b 16c 17b 18c 19b 20d

coordinates to
Spherical
coordinates:
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