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Variable-separable-method:

i
Solve d_y_=x.(2|ogx+1)
dx siny+ycosy

Solution. We have,
dy _ x(2log x+1)

dx  siny+ycosy
= (siny +y cosy)dy = {x( 2log x+1)}dx
On integrating both the sides, we get

_f(siny+ycosy)dy=I{x(2logx+1)}dx+c

-c05y+ysiny-j(n-sinydy =2]logx.xdx+jxdx+c

= —cosy+ysiny+CosYy
X 1 X X
=2[|03X-—2'—J;°—2- x|+ —+C
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. x?
siny =2log x- 2 _ X2
ysiny g > J-de+_5_+c
XX 2

ysiny =2logx- —-2_, X
2 2 9 +C

ysiny = x*log x+ C
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2'50Ive
M o+ DL =xiy? +1
dx

(i) (xy? +x)dx + (yx* +y)dy =0
Solution. (i) We have (x+1) % =x(yX+1)

= (x+1)dy =x(y*+1) dx
dy _ xdx
% y"+1 x+1
——d (1———)dx
= 1+y? X+1

On integrating,

1
o P
x+1
sy tan”'y =x—log (1+x)+C
Dr. G V S R Deekshitulu, JNTUK GATE
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(i) We have (xy?+x)dx+(yx*+y)dy =0

= (y2+1) xdx=— x*+1) ydy
ydy X
= =- d
yi+1 X +1 X
2y X
= —_ d = | ———
Iy 241 2j X +

1 1 1
> og(y )= 2 g(x2 ) 2C

=  logly?+1)+log (¢ +1)=logC’
= 2+ 10 +1) =C
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*Find the solution of the dffferent,a,
dy
dx
d
Solution. We have EE —xtan (y-x) =1

- xtan(y —x)=1

dy dt . _
On putting, y - X =t SO that a—1 - in Eq. (i), wegg
dt dt _
21— =1, — =xtant = cottdt =xdx
(1+ dx) xtant T
On integrating, we have log sint = ?+C

= log sin(y—x)=—2—+C
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Linear-equation:

5.

Solve x{x-l]%’i —(x=2)y=x*2x-1)
X

Solution. We have dy x-2 Yl i
dx xx-1) x(x—1)

Hence, the integrating factor is
x-2 (J__:".) "

IF=e x(x—l) —e x=1 x
= elog(x—l)-zlogx =

Hence, the solution is

J-xz(Zx 1)x1d 4C= j2x ]d\ C
A x=1)

=I(2-——]dx+(_‘ =2x-logx+C
X
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o If ? + 2y tanx = sinx and y(%) =0, then find
X

maximum value of y(x).
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solution. We have % +2ytanx=sinx

2ftanxdx _ _2logs 2
iF-'-‘EI = “‘=emml=mi

Hence, solution is
.secix= [ sec’x-sinxdx+C =
y-secix= J.‘a"“ecxdu(

X

=secx+C

Put x=33‘—,y =0 in Eq. (i),

T
oxsect X =sec=+C
3 3

0=2+CorC=-2
Substituting C = -2 in Eq. (i), we get
y sec? x=secx—2

y = cos x—2c0os’ X,

d . :
—y=—smx+4cosx5|nx
dx
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For maxima or minima, we have
0 =-sinx+ 4sinxcosx

e —sinx(1-4cosx) =0
1
= sinx=0 orcosx=1
2
Now, gi=—cosx—4sin2x+4cos X

dx®

1
If cosx=—, then
4.0
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7- Solve X’dy + y{x + y)dx = 0
Solution. We have, Xdy +y(x+y)dx =0

2
o SE SN SRR T JE I
ol yidx Ty TTF
Put ""1'=Z SOthat —!—E’Z:E{f_
Y )’zdx dx
The given equation reduces to a linear di i o
2, as ear differential equation i
d_z_ 1
d x ¥
Hence, F=edVear _ -lgx _ Jegue 1

Hence, the solution is

1 1 1 z 34
z-—=[-— —dx+C = ==[-x"dt
X I x% x X I
=2 1
= ——I—H—L+C = —"“‘T’C
Xy -2 Xy x
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Solve  (secxtanxtany — e*)dx +secxsec’ydy =0

Solution, We have Secxtanxtany-—e"+ Secheczyi_y =0
X

2 dy
= secC ya+tanxtany=e“c05x
put @Y=~ dx dx
dz
— 4+ ztanx = e cos x
= dx

IF = ¢l anxdx _ glogsecx — cacy
Hence, the solution is zsec x =] e* cos xsecxdx + C
zsecx=Je*dx+C

=
tanysecx=e‘ +C

=
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i Solve the differential equation ;
9—’1- 2:2 r= - givényﬁo whenx=1.
A AL |
- Sblui:ion : Given .d.i.fferential equation is

Q_i_ 2x e 1 .

dx (1+x%)°  (1+x?)? )
This is a linear equation in y.

2x 1

Here P=1_"2 ’Q=(1+x2)z'

2x
LF.= eI e e].[ﬁ
:. The general solution is

dx
] ___elug(l+x2) =14 x?

: -(1+x2)dx+c=I = sdx+c

,V(I+x2)=l(1+xz)2 Tix

July 2, 2020
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ie y(1+xz) = tan”' x+c w(2)
Given condition is y=0, whenx=1.

= O=tan"!(l)+c or c=- %
Substituting ‘c’ value in equation (2), we get

2y o=l T
y(l+x“)=tan " x rg
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Exact and Non-exact:

2
10. Solve  xdx +ydy = M
X2 +y?

Soluﬁ""' Given, differential equation can be written as

ay a’x
e e v (B

Here, M=x+ 3}
X2 +y?
2
a’x
nd N e
8 X X +y?

M _ 2%y N

dy (F+yH?  ox

Hence, given, differential equation is exact. Hence, required
solution is
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a’y ' ax
X+ ———— |dx + - dy =C
I[ X +y? I[y x2+y2] Y
Yy = constant Terms fr;.-e from x

= [ xdx+ a2yj xzdx 2+J}fdy='C
ty
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11. = x s
Solve | 1+e” +€"t1+-}1y=0
¥y
Solution : Given equation is \1 ver }dx gy (1 - i}jy =0 ey}
34

This is of the form Mdx + Ndy = 0 where

X

M=1+e&’ , N =e;L1_5-}
¥y

Since OBt N , therefore, the given equation is exact.
oy o
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Since o =§‘F— , therefore, the given equation is exact.
ox

Hence the general solution is given by

jMa‘x + I(tcrms independent of x in N)dy=c¢

(y constant)
-x_
Fas y -
xfy il v
- j(l+£f }dt+j0dy=£‘:>I+—*=C:bx+yeyﬁc
( ¥ constant) UI}’
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12.  Solve (2xlog x — xy)dy + 2ydx =0

Solution. Here, M =2y and N =2xlogx—xy

Hence, Ll =2 and N =2(1+logx -y
ay ox
M _oN
dy ox _ —2logx+y =—1=f{x}
S N 2xlog x—xy X
[—-1dx -1, r 1
Now, F=d/Whog x =g = i=x" =~

1 "
. : ; . : 1 t
' On multiplying the given differential equation by -, we g

2y e
ZZo\‘x+(2Iogx—y)c"y=(3 = [-—x—dnj ydy =C
X

1 2
= 2y|03xe5y =C
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13. Solve (y* + 2y)dx + (xy* + 2y* — 4x)dy =0
Solution. Here, M=y*+2y and N =xy® +2y* —4x

?3—';4=4y3+2 and %'}:yz‘vél

N M

x_dy _-9-4y+2 -3+ 3.
M y*+2y v +2 oy

[
IF =elf(y)n‘y =e rdf = g 3logy

5 1
On multiplying the given Eq. (i) by L we get the exact

differential equation as
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[y+%]dx+[x+2y-g)dv =0

= J'(y+-g—2-de+f2ydy=C
y

2
= X[Y*F]*Yz':(:
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14. SO]\"E }’zdl‘+(‘(2 —I}:—}rz r=10
_y)dy=0
Solution : The given differential equation is y x4 (x} —xy =y )W (1)

This is of the form Mdx + Ny =0 where M= ) N=x—x- y
aM a
aN
We have %=2y and —m—.—Zr y so that 57 Y

us equation.
- The given equation is non-exact . But it is a homogeneous q

1
Thus LF. = m ---——'—y(xz _J’:] :

Multiplying (1) with———— ", We get
Az )
-(2)
- Xy - .v
d_r+ 3 dy=0

I -} wWx" -y } ) ’

¥ X -y
This is of the form M, :?.—_vz- and N, = - -
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" 2 2
M, (R-y)-p)_F -yt XA
Wehave —=—""3 1.2

o ot -y - -y
1 »*+x2 x4yt

d aN, (; -y )(2\—';) (xP=-xy-y 2)2x) :_{ J'z 2}’2}: o
mnd ZE=3 ) vl =y ] -
o L] so that equation (2) 1s exact.

y & o
General solution of (2) is given by

IM,dx+I(tem1.s independent of x in N))dy =c¢
(v constant)
5 | gaefsa=esy | Fdx+log|y|=c

(y constant) ¥ ¥ y

(ymnstam)x }’

1/2
=> ya}—lng = tlogly = logc::»log[ yJ +log| y|=loge
y +y +y

o2
- [—}J i
x+y

= (x-y)P =cd(x+y).
This is the general solution of (2) and hence of (1),
Dr. G V S R Deekshitulu, JNTUK GATE
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dy _ x2 +y?
dx Xy
Solution. We have (¢ + yAdx—(xy)dy =0

15. Solve =L

Hence, M=x*+y? and N=-xy
Mx+Ny =x +xy?—xy? =x #0

Hence, IF = L

X
Multiplying Eq. (i) both sides by o , we get

i) (3)
-+~ |dx-| = |dy =0
(x Aj) e )Y
which is an exact differential equation.

2
Hence,  Solution is _[ (l + %]d - _[ %dy
X

—_—
y = constant 1erms free from x
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y = constant Terms free from x
dx ,pdx
Z +y IF‘-IOd}’—C

2

Iogx—y—=c

2x
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16. Solve y(1+xy)dx+x(1—xy)dy = 0
Solution : Given D. E. is of the form Mdx + Ndy =0sothat M = y(1 + xy) and N = x(1-x)

7 E’2‘_71\'1=!+2:rc_1.= and ﬁ:l—bcy
ay ox

Since M # 2 , the equation is not exact D. E.
dy ox

The given D. E. is of the form y.f(xy) +x.g(xy) dy =0
Now Mx—Ny = xy (1+xy)—xp (1-xy)

= [+ )= (-] =2x%)* 20
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1

1 .-

~LE= Mx-Ny Z.rzyz

1
i 1 _—  weget
Multiplying the given D. E. withLF.i.é, —5 3

2xzy

1 (1
ie., . _Lz—__—]dy=ﬂ‘ (1)
aly 2x 2t 2y

This is of the form M;dx+N;dy =0

oM, -1 N, -1
Here — = and — =
ay Ixzyz ox 2x2y2

] =
2 (1+1}=)dx+-——2{1—1)’)d.1’—0
2xy

Since ad, = % , the equation (1) is an Exact D. E.

July 2, 2020
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. The general solution of (1) is

IM]dI + J'Nld}’ =
(yconstant) (terms not containing x)

ie., J- [L+_]-]dr+’[-;;ldy=c

( constant) 2%y

; l =2+l
Le., *—[x ]+llogx—-%lugy=c

_ 2y\-2+1/) 2
1 1 X
i€, ——+—1
2xy Zﬂg[y] ‘

b
or log| = |-—=¢
y;) %
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17 Solve (y* — 2x%y)dx + 2xy? — X')dy =0

Solution. Here, M=y*-2% and N=2xy’-x
oM 2 oN 2
= 3y?-2x* and == w2y

Clearly, %—T # %%

Multiplying both sides the above differential equation by,
x%y®, so that it reduces in the form of M,dx+ N.dy =0

where, M, = xPyP+3 — 22y Bt
and N1 = 2xu+1yﬂ+2 _xa+3yB
NOW, M = .aﬁl

dy ox

= X*-@+3P -2 B+ 1y0
=2yP 2 o+ 1 —yP (@ + 92
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18. Solve y} - 2x%dx + xy? — X)dy =0
Solution. Here, M=y’ -2& and N=2'-¢
M Iy? -2+ and 27:[ =2y2-3¢

N
Clearly, % # %:

Multiplying both sides the above differential equation by,
x%y®, so that it reduces in the form of Mydx+ Nydy =0

where, M-| = xﬂyﬂﬂ _2yo+2 Y!IH ;
and N1 =2f+1yﬂ+2_xu+lyﬂ
M, _oaN
Now, =1
dy  ox

= -G+t iBnyt
=2yP2 (o + 028 — P (o + 302

Dividing both sides by x*y?, we get
= B+ -2B+0F =20+ (e + R

Dr. GV S R Deekshitulu, JNTUK GATE 30/43 July 2, 2020 30/43



(a+3—213—2}x2+(ﬂ+352a_2)y;=0
a-2+1=0, 20-B-1=¢

=
=
= a=1 pB=1
Hence, IF = xy
Hence, required solution is

IMdx + [Ndy =cC

—_——

y = constant Terms free from x

= Jixy* - 23y Adx + 2537 - x*y)dy = C

Y = constant Terms free from x

= y fXdX-Zy‘?ffdx+ Jo-dy=C

5 Ay
2 2

July 2, 2020
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Soive (dy/dx?) - (djy/dxj) 9(d"y/dx’) - ll(dy/dx) 14y1 30 4 2 ! =1

Sol. Let D = d/dx. Then the given equation can be written as
P-D-9D°-11D-4)y=0 or (D+1¥(D-4)=0 sothat. D=4,-1~k-1.
The required solution is y = ¢ e + (¢, + ¢;x + ¢x?) €7, ¢, ¢, €3, €, being arbitrary constants.
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Solve (D% - 6D2 + 11D - 6)y =e 2% 4 e7%,

Sol. AE.is D*-6D?+11D-6=0 or (D- D-2(D-3=0
whence, D=123
Therefore, C.F.=ce*+ (‘202‘ + ¢4 X
1
g T T (e %+ %)
EE gDt + 11D-6 = O
1 -2x 1 -3x
= - e+ e
D?-6D%+11D-6 D? -6D% +11D-6
= 3 i g 1 3
-2°-6(-27+11-2)-6 (-3)°-6(-3)*+11(-3)-6
1 b 1
=-%e_2‘—me‘3x=_—i§5 (2e—2x+e—3x)

Hence the C.S.isy =C.F. + P.I.
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Find the P.I. of (D° + 1)y = sin (2x + 3).

Sol. PL= —— sin @2+ 3) = mlz—);—l sin (2¢ + 3)
4 P [Putting D2 = — 27
= sin (2x + 3)
1-4D
Multiplying and dividing by (1 + 4D)
1+4D 1+4D .
=—— —  sin(2x+8)=——— sin(2x + 3)
A-4D)1+4D) “P &+ 3 =1"1ep?
1+4D
=—— —— sin(2x+3 Putting D2 = — 22]
1- 1627 sin (2x + 3) [ g

1
s [sin (2x + 3) + 4D sin (2x + 3)]

5
=% [sin (2x + 3) + 8 cos (2x + 3)] [Since D= %]
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Find the P.I of (D? + 4)y = cos 2x.

;b
Sol. PlL= cos 2x
D?+4

Here the denominator vanishes when D? is replaced by — 22 = — 4. It is a case of failure.
multiply the numerator by x and differentiate the denominator w.r.t. D.

1 x B 1
= ot =L Sin = =
PL=x. 3 cos2x—2J‘c052xdx [ ce Dﬂx} ff(x)dx]

%
= sin 2x.
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Find the P.I. of (D? + 5D + )y = x> + 7x + 9.

Sol. P-I~=2—1—-—(x2+7x+9)=———L———2——(x2+7x+9)
D*+5D+4 4 1+§Q =
4 4
3 1 Q+D—2 2
4 e 4 (x*+7x+9)
_3f; s, 0% (0 D2V |,
=4 a4 el % die (x2+T7x+9)

1 5D D? 925D?
= 7T e (2 + 7x +9)

1(,_ 5D 21D’
| e T (a2 +Tx +9)

- 5
[(x +7x+9)—ZD(x +7x+9)+—6D2(x +7x+9)]

1

4

1 5

1 _5 1

4[(x +7x+9) 4(2x+7)+—(2)]=z(x2+%x+§J_
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Solve (D +2)(D - 12y =e2* + 2 sinh x.
Sol. AE.is (D+2)D-1*=0sothatD=-2,1,1
Therefore, CF.=cie™ + (¢, + czx) e*

1
Pl=z=—— (2 s
(D+2D_ 1) (e7?* + 2 sinh x)

1 - : e* —e*
. O N LY Since sinhx =
DinmLyr S 2¢ ) [ 2 ]

1 55 ik i _2x 1 1 -2x
ow, — e = e = e
(D+ 2)D - 1) D+2|(D-1? D+2{(=2-12

1
= Eh -2¢ 5
Ay | Case of failure
= lx le'z" X2

g 9
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. Solve (D2+1)y=sinxsin2x+e"x2.
Sol. Given differential equation is (D? + 1) = sin x sin ¢ + e*.x?

AE.is D?+1=0 = D=+%i
CF.y=c cosx+¢y sin x. (1)

il
= i in 2x + e*x?) = sin x sin 2¢ + x2.e*
P,I__D2+l(smxsm + e*x?%) D+l DZ+1
1 - cos 3x
Consider sinxsin2x = — (Egsx__)
D* +1 D+l 2
A 1{ : 1 ]
= —|— cosx — cos3x | = —|x sinx + = cos 3x
2[D2+1 D? +1 J 2 SR
Next, 21 x%* = e* 12 x2=¢* 1 x2
D?+1 D+1)*%+1 D% +2D+2
1 1 e[ D?+2D (D%+2DY .
= px x2|=— 1———+[—J = esehd x2
24 F D2 42D 2 2 2
1+
2
e[ o (1422) .1 il
=—|x°- +—(8)| = — =% =g
2 [x ( 5 J 4( 7 |* 2x +
xsinx cos3x e” 3
So Ply= ——+——+— (22 —x+=
Ly 2 16 ) (x x+2) ? (2)
Using (1) and (2), the complete solution is
38/43 July2,2020  38/43
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Find the P.I. of (D? - 4D + 3)y = e* cos 2x.

P.I.=—2—1—~e-"cos 2% =ie* > : cos 2x
D“-4D+3 D+1)*-4D+1)+3
=X ccmais cos 2x = e* ——21—— cos 2x [Putting D2 = — 22|
D2-2D —24519D)
1 il 3 2-D
= o 2% = e* —— ———cos2x
2% 24D ¥~ 72° 2+DE-D)
= —l—e" 2—D2 cos2x-—l J‘—2;1)Tcos2x
2 4-D 2 4-(-29)

1
i "(2cos2x—Dc052x)=—Tée"(2cos2.x+2sm2x)

=——0=¢

=—%e"(cos2x+sin2x).
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Find the P.I. of (D? + 5D + )y = x> + 7x + 9.

Sol. P-I~=2—1—-—(x2+7x+9)=———L———2——(x2+7x+9)
D*+5D+4 4 1+§Q =
4 4
3 1 Q+D—2 2
4 e 4 (x*+7x+9)
_3f; s, 0% (0 D2V |,
=4 a4 el % die (x2+T7x+9)

1 5D D? 925D?
= 7T e (2 + 7x +9)

1(,_ 5D 21D’
| e T (a2 +Tx +9)

- 5
[(x +7x+9)—ZD(x +7x+9)+—6D2(x +7x+9)]

1

4

1 5

1 _5 1

4[(x +7x+9) 4(2x+7)+—(2)]=z(x2+%x+§J_
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Solve d~‘},’ +4 dy
dx

dx”

+ 5y = - 2 cosh x. Given y(0) = 0, y'(0) = 1.

Sol. Given differential equation can be written as
(D2 +4D + 5)y =—2 cosh x
AE. isD2+4D+5=0 = D=-2=xi
C.F.y =e(c, cos x + c, sin x)

: 1
ILy=————(-2coshx)
. Pl & 5% ranr6

= —éi——(e’ +e7*)
D“+4D+5

-1 =i -

- x+ ex

T D2+4D+5 D2 +4D+5

_—_lel'l+—_1 . i(ex &"I)
=10 7 €:FR39'9¢

Using (1) and (2), the complete solution is
y=CF.+PL =e?c, cos x + ¢, sin x) 'll—o(e" +5e™) -

Given y0=0 = 0=cl-~—1--—,l = cl—E
0 ¢ =

>
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EoS T . . - o -
~3x

Solve the differential equation (D? + 2D - 3)y =x’e

Sol. Given differential equation is (D? + 2D - 3)y = xZ )

AE.is D2+2D-3=0 = (D-1)(D+3)=0

=9 D=1,-3
These are real and unequal.
SoC.F.is y=c, ¢ tege™
Ply= 2_1‘ x2S = o 3x 1 .] 2
TR D (D-3)2+2(D—3)—3Jx
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. Solve (D2+1)y=sinxsin2x+e"x2.
Sol. Given differential equation is (D? + 1) = sin x sin ¢ + e*.x?

AE.is D?+1=0 = D=+%i
CF.y=c cosx+¢y sin x. (1)

il
= i in 2x + e*x?) = sin x sin 2¢ + x2.e*
P,I__D2+l(smxsm + e*x?%) D+l DZ+1
1 - cos 3x
Consider sinxsin2x = — (Egsx__)
D* +1 D+l 2
A 1{ : 1 ]
= —|— cosx — cos3x | = —|x sinx + = cos 3x
2[D2+1 D? +1 J 2 SR
Next, 21 x%* = e* 12 x2=¢* 1 x2
D?+1 D+1)*%+1 D% +2D+2
1 1 e[ D?+2D (D%+2DY .
= px x2|=— 1———+[—J = esehd x2
24 F D2 42D 2 2 2
1+
2
e[ o (1422) .1 il
=—|x°- +—(8)| = — =% =g
Z[x ( 5 J 4( 7 |* 2x +
xsinx cos3x e” 3
So Ply= ——+——+— (22 —x+=
Ly 2 16 ) (x x+2) ? (2)
Using (1) and (2), the complete solution is
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